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Parallel Computation of Hessian Matrices
Under Microsoft Windows NT

By Brien Alkire

We describe an algorithm for the optimization of low-pass analog filters. The algorithm utilizes nonlinear programming
techniques to select component values that minimize the error energy in the magnitude response of the filters, subjgictt$o const
on the peaks of the magnitude response and on the component values.

Intermediate steps in the optimization process involve computations of Hessian matrices. Each Hessian matrix computatior
requiresO (k) complex-valued multiplications of double-precision floating-point numbers, vidigtthe number of components
in the filter circuit. Fortunately, the elements of the Hessian matrices are independent and can be

APPLICATIONS ON computed in parallel.

ADVANCED We describe a procedure for dividing the task and scheduling parallel threads on a Microsoft
Windows NT-based multiprocessor system.
ARCHITECTURE

COMPUTERS Computayo.nal .Comple>.<|ty N . . .
] The optimization algorithm uses a finite set of discrete frequencies, known as a frequency grid, for

Greg Astfalk, Editor  evaluating the magnitude response of the filter. With a low-pass filter, we can distinguish between the
pass band and the stop band. matenote the total number of frequencies on the grad which are
in the pass band arsdn the stop band. In a typical application, therenare1000 frequencies on the grid, approximately half in
the pass band and half in the stop band. In our problem the number of compas&fts

In the pass band, we want to keep the magnitude response between an upper and a lower bound, and there are thus two constre
for each grid frequency. In the stop band, where we do not have a lower bound, we seek to keep the magnitude response belov
certain peak; the ideal response in the stop band would be zero. There is thus one constraint for each grid frequepdyendhe st

To achieve the goal of practical component values, we set an upper and a lower bound on each component value. Therefore, the
are two constraints for each of tkeomponent values. L&, denote the total number of constraints. By adding the constraints
for the pass band, stop band, and component values, we get the total number of constraints:

N.=2k+2p+s &0

The constraints discussed so far are inequality constraints. An inequality constraint that has been transformed intp an equalit
constraint is said to be an “active” constraint. Our algorithm performs active set iterations,ntéljohgs of the inequality
constraints and transforming them into equality constraints. During a particular active set iteration, the algorithm swyédorce
component values to their upper bound and others to their lower bound while ignoring the values of the remaining components
In theory, all possible combinations of constraints can be activated. The worst-case total number of active set itei@ttdns, den
N, is given as:
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In practice, useful filters are realized in fewer than ten active set iterations. In real-world applications we are caneeithed n
the exponential complexity of equation (2), but rather with the operations that take place during each active set iteration.

The most computationally complex operation that occurs multiple times during each active set iteration is the computation of
Hessian matrices. The elements of the Hessian matrix are the second partial derivatives of a Lagrangian function with respect
the component values:
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The magnitude of the frequency response at a grid freqdievitdy a vector of component values denote(iiH(fi ,v). The ideal
pass-band magnitude response is a congkgnthe ideal stop-band magnitude response, as mentioned earlier, is zero. The first
two terms of equation (3) thus represent the weighted squared contributions in the pass band and the stop band, respectively,



the error of the filter from the ideal response. The real-valued congéaatsi\W; are weighting factors. The last term is the sum
of the product of all equality constraints (i.e., equality constraints and active inequality constraints) with their gensitivit
coefficientsA.

Let v;,V,,...,v, denote the component values. The Hessian matrix, deWhtéi
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Therefore W is ak x k symmetric matrix. Each element is a second derivative of the Lagrangian function (3). Symmetric
difference formulas are used for the numerical computation of the derivatives. For the second derivatives, the function must be
evaluated twice. Each evaluation requires computing the frequency response and summing over all of the grid frequencies.

Computation of the frequency response involves the solution Nf &N, matrix, withN, being the number of nodes in the
circuit. Each element is a complex-valued numNgrs at most R. The matrix, because it is positive-definite and can be solved
by Cholesky decomposition, requires approxima®2k)*/6) complex-valued multiplications (see [4]). For most applications,
the numbers of grid frequencies in the pass band and the stop band are approximately equal. Therefore, the number of compl
multiplications required for computing the Hessian matvixdenoted\,, is approximately:
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The computational complexity in terms of complex-valued multiplication is theréf&Pe For typical values, sady= 20 and
p = 1000, the number of complex-valued multiplicatiogg=171x10.

Division of Labor

Suppose thdt), processors are available in a system. We can divide the Hessian matrix into nearly equal portions in terms of
the number of elements of the matrix and divide the task among the processors.

The first row and the first column of the Hessian matrix corktairfk — 1) = Xk — 1 elements. The second row and the second
column, if we disregard the elements in common with the first row and column, then ckrtdint k — 2) = X — 3 elements.
By induction, we can show that ravand columri contribute R — (2i — 1) elements that are not contained in the previous rows
and columns. Theorem 1 is a statement that the elementsw$ and columns contribut&®@— g’ elements not found in previous
rows and columns.

Theorem 1:
Z i gl(Zk—(Zi —1)) =2kq-¢® qOZ,

Proof Z, 1(2k-(2-1)=%k-2+1=%-1-Fso the theorem holds fgr= 1. Now suppose that it is true fge=m, i.e.,
z, 1(2k (2 — 1)) = Km—nt. ConS|deq m+ 1. Thenz =1 Lok—(a-1)= Z, 1(2k= (2 - 1)) + (K= (2(m+ 1) - 1)) =
2km—m’+ 2k—2m+ 1= 2k(m+ 1) — (" + 2m+ 1) = X(m+ 1) — (m+ 1)°. Therefore, it is truélq0Z. by induction.C]

Using these relations, we can choose the number of rows and cajuhatsvill prOV|dek2/U elements, with’ being the total
number of elements in the matrix. That is, we can assign a processor to the task of cdﬁﬁbmlaments by determining which
rows and columns of the Hessian matrix the processor should compute. Seftigf 2 k’/U and solving fog, we get the result
of equation (1); the value is approximate, since we rautadthe nearest integer value.

We begin with thé x k matrix and defind, = k. We assign the firg, rows and columns to an available processor, whése
given as:
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The valuey; will have to be rounded to the closest integer. To assign rows and columns to the next processor, we can use recursiv
relations:
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Multiprocessing Considerations in Windows NT

We have implemented the parallel processing techniques in a program developed with the Microsoft Visual C++ development
system (VC++). The Windows NT 4.0 operating system was targeted. Windows NT uses preemptive multithreading and
multitasking and a symmetric multiprocessing model in which any thread can be assigned to any processor.

A function calledGetSysteminfo  can be used at runtime to query NT for the number of system processors. A separate thread
can then be created for each processor. The primary thread is of course available. Separate worker threads are creaged when nr
than one processor is available. These threads behave like the primary thread but do not have a user interface.

The VC++ documentation reveals three choices for scheduling threads on a multiprocessor system: (1) We can let the operatin
system schedule the threads automatically. (2) UsingdtihreadAffinityMask function, we can explicitly specify which
threads are allowed to run on which processors. (3) Usingetfi@éreadidealProcessor function, we can suggest to the
operating system which processor a thread should run on.

The documentation does not elaborate on hoé¢liEhreadldealProcessor function works, except to say that the function
provides a useful hint to the scheduler. The documentation recommengstiiagadidealProcessor be used instead of
manual assignment of the threads, which could interfere with the scheduler’s ability to schedule threads effectively across
processors. We evaluated all three methods.

Threads are assigned on a priority basis. There are 16 possible levels of thread priority. Each process is assigned one of fo
priority classificationsldle, Normal High, andReal-time Each thread in a process can then be assigned a priority that modifies
the priority classification of the process. By default, each thread has a priority Ieeeia] so that overall its priority is the same
as the priority class of the owning process.

Our goal is for all the threads that compute the Hessian matrix to be of the same priority. In our implementation, anlgthe pri
class for the process can be selected; the priority level for all threaoisrial

Results

The processing time for an algorithm in a multitasking/multithreaded environment like Windows NT is necessarily non-
deterministic. The operating system has to schedule processor time for numerous system and user threads, in addition to tl
algorithm under consideration. Since many factors contribute to the variations in processing time, we appeal to theitentral lim
theorem and treat the distribution as Gaussian. Observations of the histograms of the processing times for the algotithm sugge
that this assumption is reasonable.

We used a single system to gather results. The primary system consisted of two 150-MHz Standard Pentium processors, a 51
Kbyte cache, 40 Mbytes of memory, and the Windows NT 4.0 operating system with Service Pack 3. Our algorithm is not input/
output-intensive, itis just math-intensive. No applications other than system processes and system threads were ruesisring the
Each test consisted of evaluating the Hessian matrix as part of the optimization of a ninth-order elliptical low-pass filter. W
repeated this computation to gather statistics for each different set of conditions.

We varied the following conditions: the process priority level, the number of threads used, and the method used for scheduling
the threads on the system. To simplify the analysis, the thread and process priority levels were initialbyset tBach of the
methods for assigning threads to processors was then evaluated for a given number of threads. The method with therigst process
times was then evaluated for different priority levels.

Given the large number of test cases, the number of trial runs for each set of conditions had to be kept low due tcdint® constr
In most cases, 30 trial runs were used. Therefore a Student-t model was used to perform hypothesis testing and compare the me
processing times for different sets of conditions. Because the Student-t model requires that the variances of the tiwaglistribut
be identical, each Student-t test was preceded by a hypothesis test to determine whether the variances were indeed equal.

It was not always the case that the variances were equal. When they are not, an approximation based on the Studedt-t test is us
The approximation is:
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The quantitiesn, s, andn; are the mean, standard deviation, and number of samples for distribTt@nquantityn, + n, — 2
is the modified number of degrees of freedom, sisithe approximate pooled variance. This approximation is given in [3], page
196.

In all cases, the best performance occurred when the number of threads equalled the number of processors available (see Ta
1). The table shows the average processing time as a function of the number of threads and the method of thread scheduling.
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The differences in performance when No. of threads Scheduling technique  Time (sec)

two threadg were used on a dual-proclesqq{read schedule 1 2 3 4 oS 208
system, with the scheduling technique . ]
varied, are not so obvious (see Table Z)/toScheduling 340 308 370 979 Assigned 228

In the table,OS refers to automatic etAffinityMask 350 228 387 630  Suggested 316

scheduling of the threads by the operatgtidealProcessor 350 316 388 627
ing system,assignedto explicit schedul-

Table 2. Average processing time versus
Table 1. Average processing time versus scheduling technique.

ing V\_/ith the SetThreadAffinityMask number of threads for a dual-processor

function, andsuggestedto use of the system. Process priority Time (sec)

SetThreadldealProcessor function to

suggest the optimal assignment to the operating system (the manufacturer’s suggég{%d 245

technique). N_ormal 228
Consider thassignedscheduling technique. With two threads on the dual-processé)’l’gh 223310

system, the computation time was reduced on average by 34.9%, with a statisfRg!-time
significance level of 1.22 x 18. That is, there is a 1.22 x T probability that the - —

. L . . Le 3. Average processing time versus
average processor times are actually equal, which implies that we can claim a %ﬁﬁggs priority.
improvement with a high level of confidence. This resultis obvious, as we would expect
the best performance to occur when the number of threads equals the number of processors.

The best performance was realized withahsignedechnique, rather than with teaggestedechnique recommended by the
manufacturer of the operating system. Use ofigsignedechnique resulted in an average reduction of 26% in computation time,
as compared with both of the other techniques, with a statistical significance of 2.57 x 10

Table 3 shows the results for the use of two threads on the dual-CPU systemeas@ytiexthread-scheduling technique, with
the process priority varied. No other user applications were running when these tests were performed; the results andét differ
other conditions. Here we see that performancélferpriority was, on average, 7.32% worse than thahéomal priority, with
a statistical significance of 0.024. The relative performances obtingal, high, andreal-timepriority cases did not differ by much.
The lowest level of statistical significance was 0.167.

Conclusions

Use of two threadsjormal priority, and explicit scheduling resulted in an average reduction in processing time of 34.9%
compared with the single-threaded version on the dual-CPU system. The difference is significant at the T .k/ed.18 95%
confidence interval for the reduction in processing time is 30.6%—35.3%.

Explicit scheduling of the threads resulted in the best performance. On average, the computation time was reduced by 269
compared with the other methods, with a 2.57 X°16vel of significance.

The process priority had little impact on performance under the condition that no other user applications were run dsting the t
Theidle priority performance was degraded by 7.32% as compared wittoth®l priority, with a 0.024 level of significance.

The relative performances nbrmal high, andreal-timepriorities differed with a minimum level of significance of 0.167. That
is, there is no significant difference under the test conditions.

Data synchronization is an important consideration in multithreading environments. If multiple threads attempt to acedss a shar
resource simultaneously, the results can be unpredictable.

The data-synchronization objects available in Visual C++, while beyond the scope of this article, are worth mentioning. Among
them are mutexes, semaphores, critical sections, and events. Some of these objects work across process boundariessas well as ac
thread boundaries.

Another technique, the one we used in this application, is to make separate copies of the resources needed by each thre:
Synchronization in this application would have necessitated pausing the threads to prevent collisions and resulted, gpnsequentl
in a drop in performance. Care has to be taken when passing pointers of objects created in one thread to another. Ehis should
avoided if possible.

The availability of multiprocessor systems in a low-cost PC form-factor opens the door to improvements in performance of
applications that ran previously on single-processor systems. Application designers should keep multiprocessing issues in min
when developing software in order to take advantage of the potential benefits.
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