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Burgers caricatire of” Zurbitlence

Solve Zhe differesntia/ e?aaz‘/on

u +uu, =0, zeR,t>0,

coith white norse as inmtial Jdata.
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M olvalion

PD{ a)/‘f/’l rand. oM /‘n/‘f/a/ dada ofr £e orc/ng
alow ws o Forruwlale St 1stical
lheories of’ defeclds or z‘aréa/ encCe.

7713 emefgende of & z‘racz‘are rﬂ S ON7 noiS e
1S 1nlerest /‘ng ) e poor/ ' wunderstood, in
Several 5&5 1C. models.
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\/orZ‘eX coalescence and IS oZ‘rop/c 2-0D Zwurbilence

» F =
"

« 2D Decaying Turgdﬁence

w
5 > .
A. Bracco, J. von Hardenberg
» | &
A. Provenzale, and J.B.'Weiss =
> e
. = .
o 512 x 512 resolution ¥
harrow band random initial condition
. L
¢ . * November, 1999
]
g 19.00+

2D Navier—-Stokes cwith small viscosidy and

a)/}/‘Z(e /?OI‘S e /‘nfz‘/a/ a/af A, .BI‘QCCO eZ( d/ s

Wednesday, August 18, 2010



Coars en/nﬁ in the Cahn-=illiard e?aaz‘/on

o)
N

(0t=1.25

SN
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(b) t = 0.125

(a) t = 0.025

FIGURE 5. Evolution with equal mass fractions
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(d) t = 4.875

()t =0.0125

(b)t = 0.25 (©t=225

FIGURE 6. Evolution with set particles

)t =67

N. Umerics wlh roisSe
/n/z‘/a/ d af A /‘/7 20/ :

qarcke, Niethammer, Rumpf, wetkard. Arxiv 10.1.1.14.9756
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.gé(f‘qe/\f \ molivalion Ffor fvs riode/

D 7 he pa’e 1S a caricadlure of Che Fundarienta
e?é(df /‘O/?\S O,p 7(1 / 2t1d M@C/’ldn/c\s )

Ol hoise et iniicldatil Seenls el e

3) Allows wus to construct random processes
hal al/so solve e?aaz‘/on\s of mechancS, even i in
a vastly simplified setting ( Burgedence )
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Some basic Ffacls aboeld Burgers e?aa’é‘ 107

D Global classical sSolwulions do not exist.
2) Weak solutions are not L(n/?ae :

3> There I1s5 a L(n/?ae enfrofy sSolttion ) ot h

1S a Vans /7/‘/7\9 ViSCoS /Z‘y [inut (£ Y/O/Df; 195 0> ?
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Tl ém,‘?ae entropy soltion, or the Co/e-—-%/oprp

solution, IS 3/\/817 5}/ a variational principle.

r—a(x,t)

u(z,t) = ;

a(x,t) = argmin;; < Up(y)

+ [ | (w—y)Q}
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v (x,2) 1s the ve/ ocity #1 eld. Y 15 called 2he polentia/ and

A (X ,Z(> Zhe inversSe qurdnq/‘dn Fuunction. 7776_2 varialional

p/‘/nc/p/ e 1S 3&0/)7&2‘/‘/‘6 hsdf/ﬂe thad wses The poz(enz(l‘d/ -

G/lide parabola wnder é/o
and £ind £irst contact.
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o A e /ncreaéfng N

B O ) 3/\/35 the ‘correct’ characteristic z‘/vroaﬁ/v
A e po/nf & X ,f> N Space ~Zime.

A
7ime

(x, 2 )

A (X, d > SPQCLe
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3) As a cons egUence, u (xd) Is of bowunded variation.
J‘L(MPS 1N a 3/\/& riSe o Shocks in w. These correspond
Zo ‘ a/oé(A/ e—Cowuc hes : in Che 380/)7@2‘/‘/6 pr/nc/p/ e.

ﬁa(>«, 2)

/

u_—l—u+

‘ P .
/ <
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Nuwmeerteal e)qserimewts with white wolse data.

Ulx)

ul(x)
S ——

Ulx)

Y / Fig. 4. a Solution u(z), solution to the inviscid Burgers
/ // equation at ¢ = | with white noise initial velocity (type
/i / B). b, ¢ Show successive small-scale zooming. Note the

hierarchy of ramp-like structures with slope 1 and the
cl isolated character of shock points

She, Aurell, Frisch, Commun. Math. Phys. 148, (1992)
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Burgers orked on thS rmode! For a /arge part
of Ais professional career (1929——1924). He
considered various aspects of Zhe proé/ e,
rnc/ wding the Kinetics of shock clus lering i

S e\/erd/ p/oneer/nﬁ CZI‘Z‘/CL/ eS.

7713re LwasS a res L(rﬁenC’/e of aC’/Z‘/\//Z‘y 1n CAe 20 ‘5
afler Che numerics of She ) 4 wrell and Fris @0
THhS work was motivated Ay durbetlence.

Interes Z‘/ng/ v, Che sare proé/ er alSo arose in
statistics in Zhe 4O S , and was solved (in 2Ahis
ClonZ(eXZ‘> Ay éroeneéoom 1n Che »ud- SHONS.
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A £irst q/ /‘/y,/pée ad (Groeneboor ‘5 Solution

7T he one -—-po/nf drstribedtion of w a@ Cime | Aas dens /‘Z‘y
plu) = J(u)J(—u), uéelR.

The function J has an explicit Laplace Zranstors

/OO el T — Ail(q)’

— OO

ol ere 4 /( ?> 1S Che 4 /ry function.

P. Groeneboowm, Brownian motion with a parabolic drift and Atry
Functions, Prob. Th. Rel. Fields, 81, (1989).
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Classica/ ﬁaéer/‘dn theorens y/‘e/ d as yMPZOZ‘/CLS o J and P
1
I

3
6_%|u| ealu

— e >

O /24

a| 1S the First zero of the A Iry Ffunction.

p(u) = J(u)J(—u) ~ e 5 Ju] — oo
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7 he qene/‘a/ ?aeé Zion

et A Ae CornveXx. A)/ldf Can e Say aéoa?f ZA e
S’ stics of Zhe enz‘ropy Solwtion o

Ou+ 0 f(u) =0, zeR,t>0,

a)/?en Z‘/’}e /‘n/‘Z‘/‘a/ a/aZ( A /‘5 rdno/ O/ Z

More prec/\Se/y, how do we describe 2he s
PNt SCalisStics for ) and Ao does
CAls relale Yo Che coalescence of Shocks?
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The rman results / ConeclureS

THhis proé/ enr 1S exact / v S olable For every

comex £ and switable random data. Precisely:

D e derive a binetic Z‘/?eory of Shock clus Z‘er/‘ng
£or /V/ar(/ox/ pProcCessS indial data.

2) The kinetic e?aaz‘/oné are a completely /nZ‘egraA/ e

Y/dmf/ lonian S yS Zernt. 77}&}/ des Cr/‘ée A ﬁr/‘nC/‘p/ e of
/least aclion on : Mar(/ov 3ﬁo&(p§ \.

3) The e?aaz‘/oné are exac’/ (VS olvable (eonth
blood, Swedl and Cears) via theta Functions.
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SOMe cCormments

3&(/‘58/\5 Z‘L(/‘AL(/ ence 1S5 one ha/ £ of w/']az‘ 1S of Zen
bnoeon as "Eargers JKPZ turbetlence .

Folklore: " 3&(/‘38/‘5 JKPZ turbelence is solvable .

Our work addresses what tAs means in 2erms of
malhemalical Structure and explicit solutions.

For KPZ ) Chere 15 interes Z‘/ng recent a)or,é N /‘04(3/7/ v/
Che same spirid by Ariry, Corein and Juaste! and

Sasaroto ard Spo/’/n.
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Sone comments (contd.)

There are close ties with randor »adrix Cheory in
bth problems (exact solutions, int egrczé/ e
structure, combinaddorial models), bt STl a /ot
that  coe don? wunderstand.

Burgers eguation and Browman motion are s pecial,
el not that special. Aréitrary comex £ and Zhe
Mear-kov pProperdy in space 1S enoag/z A There were no
previols results #or general ).
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7 he qenera/ ?é(eé lion aqarn, rmore ,precfé e/, v4

le? £ Ae Convex arnd s Mooi‘/? : De?fer/n/ne f/?e
S/’ stics of Zhe en’é‘rop}/ sSolwtion Zo

Ou+ 0 f(u) =0, zeR,t>0,

when the intial data s a Markov pProcess

et h only doneoard jumps.
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/J/zy Markov pProcesSsSesS M SR

D £ the indial data For 3&(/‘38/\5 e?adf 1on 15 white
norse, then the entropy sSolution 1S5 a MearKov
ProcesSs 1h X ( 3&(/‘38/\5 , (Groeneboor, Avallaneda—E).

2) fey NS /:9/72( of Duc hron and cocoorkers : Bargens
e?aaé‘on (£ orma//y> preserves the class of Leviy
processes and possibly other processes.
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MarRov processes and thelr generators

A Markov process 15 characterized Ay 1S
Zransition sesiqroup & and generador A. For

switable test functions , e Aave

R el S
AgO—l}gI& e
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ﬁpz‘ca/ proﬁ /e of enZ‘ropy Soluwtions:

Bownded variation + doconcoard L/Z(MPS

WA
flu_) — f(u
[f]—,—|— o ( . ) _u( -I-)
e = =S
/ DrifZ rarefactions > :
2 Ses X
OLONLOGY) dampé
(Shoc’/é5>.

v
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Generators of spectrally negative Markov processes

A Feller process cwith BV Sample pal AS and on/y

downeoard jumps has an infinmtesimal 38/78/‘&5 or

Ap(u) = b)) + [ nlu,v) (p(0) o) do

N —00
\/
Drift at level/ «. Jumps From w 2o v.
(rarefuctions ) (s /IOCf s)
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Closure theorem (Srinitvasan’s thests, 2009)

8tu =F axf(u) =¥(); £ Comnex, differentiable.

777/)7. l. 4 SSuume Che indial vel OC’//‘Z‘}/ L((X ,O> 1S Q Mdl‘/é oV

proCLeé & ( 'N >~(> o1l hH onl/ y doconecoard J&(MPS 2

Then sSo 15 the solution 74 >(,?f> for every E D).

proof’ £e of/ OLOS ed/‘/ refr wohé of Betrlorn ) Groeneéoom )
Aé(f f/?e 3enerd/ /Z‘y of Z‘/’le res L(/ Z /5 /‘Mporfanf ]
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Since Zhe pProcessS 1S Maréov , 1T Aas an
i initesimal 3@/78/‘42‘ or Chal depends on @ % )
Conceptuall Y, we Aave Zhe o/l oa)/ng piclure.

U(L, 1) e A (72 1)

Closure Zheorens

Mar(/ov p/‘ope/"é‘y
il ) o i
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The “gewerator L time

First recall the defintion of Zhe 3enera2‘ or:

Noww define an assoc/aded operaf or Chere £ /s the

rp / V20 ¢ f UNCTLIoNn 11 2‘/73 & CQ/ a, COn\Ser\/dZ‘ 1O / da)> .

Bo(u) = — ' (w)b(u) ¢ (u)
_/_ f(vg : i(u) n(u, v) ((p(v) i SO(U)) w5

Wednesday, August 18, 2010



T/'ve operaz( or B @okReS pona/S o Che stochiastic

pProcessS el x ,Z‘> noeo Viewed as «a pProcCessS W)

f/(u) s Che Speea/ al level uw, So we Aave

= —f/(U)b(U) for evolution 5y Zhe drift.

S/‘M/‘/d/‘/y, f(u) s f(?}) 1S ZAe Sﬁeea/ of a Shoclé

U —v COnne,CZ‘/nﬁ /eve/ S « and v.

Can Ae OAZ‘a/‘nea/ from TZo \5 forniu/a ( et A JZ(MPS > )
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The backward Kolmogorov equations

Consider the backeoard e?aaf/ons assSociatled o
/V/ar,éov pProCesSS. Since we have a oo —-paramez‘er
ProcCessS, we oblan Zwo Aac&uara/ e?aai 10NS .

Oz + Ap = 0. and Orp + By = 0.

This is formal, bed....
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The Lax equatiom,

Since we Aae S em{gﬁo&(p\f e Sl s o
/.MPOS e COMPQZ( 141/ /Z(y T e s y we l‘e?é(/‘l‘e

ataa?SO = 6x0t90

I 2Ais Aolds For a /arge eno&(g/[ class of
functions Loe OAZ(Q/‘/? Z‘/le Z.ax e?aaZ‘ 1ON

oA — 8,8 =[A B
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Mecur reswl/?s For stal /onary SCalirsStics.

Closure ZAeorens s e
U(QZ‘, t) - : A(t) hiﬁd@ er ; ON (bh nt)
o 38/?8/‘ or

Oru HO, f(u) = 0. Kinetic
e?é(aZ‘ rons

A =[A, B]

U(7,0) e A (()) e (b, 1))
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The Lax e?aaz‘/on "My a/so be derived via:

T 4 BO/ Z‘ZMann —-Z‘ype e?aaf/‘on US /ng Z‘/le e\/o/ Ll ion
of as /ng/ e S /locf and rarefaction wave.

3 \/o/ \perZ‘ ‘5 A \/ chan rele ) Z e Mar,éov properfy and
ar 403/4(6 Z1#1ed /nZ‘e/‘C/’]ange o linrnls.

4. %/opf ‘5 melhod: a formal evolwudion e?aaf 1on For
ZA e Fourier ranst orm of Che law of 74 X ,Z‘> 3

S/ rno p/‘oof Cin prOSreS S, M Z‘/ns/ Yy SHrvas an> :
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Kinetic equations of shock clustering for arbitrary f

Tty = — s Y ROvefactions

By + B, (V) + By (nV) / Shocks
= Q(n,n) + 1 (([flu,y — f (w) Oub = bf {u)}:

Q) (u,v) = | G ReE
* e /u ([f]u,v T [f]’v,w) n(u,v)n(v,w) dw

Colliston

Rernel — /_u Wl — o) e, @ i, @o)) alup.




Exact solutions to Burgers
turbulence, part 1.

Matwn assumptlows:

Burgers equation + Levy process initial data

L. Carraro and ). Puchon, C.R. Acad. Sct., 319, (1994)
J- Bertoin, Commun. Math. Phys. 193 (1998).
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The Rinetic equation for clustering (Burgers)

b=—b%  Omn(u,v,t) =D(b,n)+Q(n,n).

N N
Drift Collistons

D(s.m) = (*5 ) (4(wdun — 9,(0(0)m)

u—"v

/ n(u, wn(w,v)dv = Blrth

—n(u, v) / n(v, w) (“;ﬂ W~
—n(u,v) /u n(u, w) (““”) dw A&

P

Death
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Generators of Levy processes

For Levy prOCeS Ses ZChe Cransition proéaéz‘/ 1lies are
independent of Che stale, and ce Aave

n(u,v) = n(u —v).

/\/ O USe Féé(l‘/‘e/‘ Q/?d/ yél‘é Zo F£ind

Ae'*® = (ik)e™ ™, ke R.

For eXdMP/ e, £ el >(> 1S a Brownian molion )
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Burgers egadZ‘ lon and Levy processes.

Z.evy-—K/?/nZ‘c/]/ne
Closwure ThAcorer
i e e thM'»n(u — v, t

)

5/)70/ L C roe0 ) S

uy + qu, = 0. Yy + qu = 0. c’/oaga/az(/o
e?adf/on\s

w(, () e 0 (() e 10 (. — V)
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Exact solutions to Burgers
turbulence, part 2.

MaLwn assumptiaws:

Burgers equation + white noise initial data

P. Groeneboom, PTRF, €1, (1989)

L. Frachebouwrg, P.A. Martin, ). Flutd Mech., 417, (2000).
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The Rinetic equation for clustering (Burgers)

b=—b%  Omn(u,v,t) =D(b,n)+Q(n,n).

N N
Drift Collistons

D(s.m) = (*5 ) (4(wdun — 9,(0(0)m)

u—"v

/ n(u, wn(w,v)dv = Blrth

—n(u, v) / n(v, w) (“;ﬂ W~
—n(u,v) /u n(u, w) (““”) dw A&

P

Death
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éroeneéoom l s Solution ( Burgers toIth hnte nors e>

1 1 U v
b(/U’?t):Z? n(U,/U,t):mn* (t2/37t2/3)’

7718 Jamp dens /Z‘y Ffactlorizes as:

i@ = . ko) = 25 log Ai0)
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777/‘5 toas rnod Hoeo éroeneéoom fowund Als solcwdion!
Irn order Zo \/er//; v 2hat it sSolves the Kinetic

e?aaZ‘ 10oNnS e need o wSe Sore /nZ‘ereSZ‘/nﬁ

1dentities. 77735 e are 585 ¢ woritlen 1n lerrs of Zhe
\/dr/.dé/ e e = J ‘/ J 7%81’7

e = —q+ e, M—————— Feocads eghn.
k' = —2(1 — ek),
E'" = 6kk’ + 49k’ + 2k.

7T hese yield Zhree moment identities, such as

KxJ(x) =2 —J and sore armazing cancellations.
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The Pawnleve property
In factd, e 15 the First A Iry Solution Co Panleve 2.

1
w” = 2w® + 2wq + 5"

T/"}/‘S Solwtion o Panleve—2 /S : & /‘Mﬁ/ er : Zharn Che
SO/L(Z‘/O/? £or f/le ﬁdcy—-ﬂjfa/om 64[ & /da).

Tt a/so arises in a differest ranner. Y/ere 1
COI‘I‘e\SPO/?a/S Zo Zhe 38/78)‘@{ or of a Mar(/ov ProcCesSsS.
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Hamtltontan structure,

flows of Markov operators,
and complete Lntegrability.




MarRoV processes with downwa rdjumps

Dri#E ( rarefactions > h

Doroneoard JZZMPS

¢ 5/70£:éf > 5
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Contlnuous ttme Markov chawn with diserete states.

p &L Fix n discrete velocities Ul < Ug < ...Up.
Unp
U2
<€ >
U1 X

v
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Gewnerators of the discretized process

7778 38/73/‘@5 or 4 1S an nXx n »Malrix w/Z(/I /905 1t 1ve
enZ‘r/‘eS on f/?e of f’ -—-a//agond/ . 7778 a//‘aﬁohd/ enfr/‘eé are
delerrnned Ay Sett /‘ng Che Swur of each roew o Zero.

T e don re?a/re positivity, Che set of such
malrices 1s a lie a/geéra. let s call the associaled

groegp ZAhe Mdhéov groep. OFf CourSe, posS /‘Z‘/‘V/‘Z‘y 1S
needed For a proédéz‘/ 1SCIC 1nterprelalion.
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The discrete Lax equations

A=4A B
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Complete tntegrability

777/)7 e ’7778 discrete [lax efaaz‘ ronsS are Q
completel % 11 egﬁdé/ e Yarnltonman S Slent.

The linearizalion can be Ccomputed Ay a »mMalrix
factorization , and 15 expresSS ed in lerms of 2heta

Functions Cin pr/‘nc/p/ e, and not yeZ‘ N p/‘dcz(/c’/e 4 > .
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Particle on a sphere (Newmann)

: e S : Rigid body dywnamics (Buler).
Geodeste flow own ellipsoids (Jacobl)

Geodesie flows on so (w)

(Manakov).
Moser, Adler-van Moerbeke

A = [A, B]
Burgers turbulence,
Kinetie theory of shocks.

Random matrix theorg

o.d.e for Fredholm determinants
_Jimbo-Miwa-Mori-Sato,
Harnad-Tracy-widon Flows of Markov processes
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Proof of Theorem 2.

Yanullonman Structure: Sp/ re 5/ () indo a//agona/ -+
Mar,éov , and wuSe Kipi//ov ‘5 e?é(af/on.

Comp/ ele /nZ‘egraA// /Zy . Sp/ 17 / oop 3roap ove,r 5/ ( n>
US /ng Sinular dec ompos 1Cion of 3/( e
/mmea//az‘e/y £rorr A a//er—'Ko\SfanZ‘-—SyMeS lheorent.
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LwWith Ainds /:9/75 y Che discrete systentr 15 a
lextbook example of the AKS theoren. Its
remar(’aé/y similar o Mapakov s integration of

Evtler e?aaf Ions, except LA Che #low /s on a
: probabilistic group ' instead of s ).

The calch: e dont wunderstand Zhe /arﬁe 2
lirnt, and the discrete s %= Zernr doesn ‘Z‘ Aave
C/ ear proéaéi/ 15T /nZ‘el‘p/‘eZ‘dZ( 1O yeZ‘ s
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Summia rg

. Enlropy solutions o scalar conservation lawws
JRRESEEE S pecfrd/ / v/ negaz‘/\/e Maréov ProcCesSsSesS.

i T}le evolution of 3@/78/‘42‘ orsS 1S \91‘\/8/? Ay a Lax pa/r
oéfa/nea/ £rony COM/ﬁaZ‘ /‘A/‘/ /‘fy of’ éac&uara’ e?adf rons.

3. THhis y/‘e/ ds a lé/‘ne'é‘/c Z‘/’}eory of S hodé clus fer/‘n\g .

4. 777@ Z.ax e?aaz‘/on & COM/P/ elell }/ /nfeﬁraé/ e
%/a/n/‘/ loman S }/5 Zernr eith a ?é( adratic %QMI‘/ Zonan )
on the (Formal) Lie a/ﬁeéra of ' generalors.
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