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Abstract

We studied the existence and uniqueness of solutions of the following
two kinds of nonlinear matrix equations X = E;:OI PFX*p, and X =

EOI(PZTX P))*, and the convergence of the matrix sequences {X;}

recursively defined by X,ir = ;:01 PZTXSfHPl, n > 0, and Xp4r =
;:OI(PZTXM_ZPZ)O‘[, n > 0, where |og] < 1 for 0 < I < k—1 and
Xo, -+, Xk—1 are initial positive definite matrices.
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1 Introduction

Let R® be the Euclidean s-space. A symmetric matrix M is called positive
definite or positive semidefinite if v Mv > 0 or vI Mv > 0 holds for any
column vector 0 # v = (v1, -+, US)T € R?, where v7 means the transpose
of v. It is easy to show that a diagonal matrix is positive definite or
semidefinite if and only if each diagonal element is positive or non-negative
respectively. For any m x n matrix M, the Moore-Penrose inverse(see [1])

MT of M is a n x m matrix satisfying the following equations,

MMM = M,
MTMM" = MT,
(MTM)T = MM,
(MMHT = MM?t.

(1)

The Moore-Penrose inverse is a generalized inverse which exists and is
unique for any matrix M. For a square matrix M and a < 0, we define
M = (MHlel Let A = diag(A1,---,As) be a diagonal matrix. Then
its Moore-Penrose inverse is AT = diag(/\J{, o, AD), where )\I =\t if
i # 0, and )\I = 0 otherwise. For a symmetric matrix M, it is well
known that there exist a diagonal matrix A and an orthogonal matrix
Q such that M = QAQT. It is easy to show that M > 0 or M > 0

if and only if A > 0 or A > 0 respectively. For a real number « and



positive semidefinite matrix M, we define M® = QA*QT if a > 0, where
A® = diag(\$,---,22). Then M = (M)l = Q(AN*1QT if a < 0.

Let k be a counting number, let P;,0 <1 < k — 1 be s X s real matrices,
and let a;,0 <[ < k — 1 be real numbers. We studied the existence and

uniqueness of solutions of the following two kinds of nonlinear equations

k—1
X = Z Prxap, (2)
=0
and
k—1
X =Y (P'XP)™, (3)
=0

and the convergence of the matrix sequences {X;} recursively defined by

k—1
Xy = ZPZTXT‘fj_lPZ, n>0, (4)
1=0
and
k—1
Xtk = Z(BTXn+sz)al7 n >0, (5)
1=0
where the positive definite matrices Xo, - -, Xx_1 are initial matrices.

Let ||v|| denote the Euclidean norm of a vector v € R®. Let us view a s X s
matrix A = (a;,;)1<i,j<s as a point in R**®, the Euclidean s x s-space and

define ||A||2 = max|y|=1 ||AVv|| to be the spectral norm of the matrix A.

Note 1.1 Note that all norms on a finite dimensional linear space are
equivalent. Therefore, the results in this paper are true for any other

norms.

Note 1.2 All the results in this paper are also right for complex matri-
ces if we substitute transpose of, symmetric, and orthogonal matrices by

conjugate of, Hermitian, and unitary matrices, respectively.

In [2] it is conjectured that the sequence of real numbers A, recursively
defined by A,12 = v/Ant1 + VA, converges. In [4] this conjecture is
proved. In this paper, we generalize sequences of numbers discussed in
[4] into sequences of matrices. More precisely, we consider the following

questions:

e Whether nontrivial s X s matrix solutions of the equation (2) exist?
It is obvious that for any «;,0 <1 < k—1, X = 0, the zero s X s

matrix, is the trivial solution of (2).
e Is the nontrivial solution unique?

e Does the limit of the sequence X; defined by equation (4) exist?



e What is the limit of the sequence X;?

In section 2, we will prove the existence of a nontrivial positive semidefi-
nite matrix solution of equation (2) if || < 1,0 <1 < k—1. In section 3,
we study the corresponding recursively defined matrix sequence. We also
prove that the matrix sequence is convergent to the solution of the corre-
sponding nonlinear equation if |ay| < 1,0 <1 < k — 1. As a consequence,
we obtain that the nontrivial solution of (2) is unique. At the same time,
we present a method to obtain the numerical solution of (2) under the
conditions |a;] < 1,0 <1 <k — 1. In section 4, we will study other kinds
of equations (3) and the corresponding matrix sequences (5).

2 Nonlinear Matrix Equations

First, we study the existence of positive definite matrix solutions of the
equation (2), where

| <1,0< 1<k —1. (6)
Theorem 2.1 Equation (2) has unique positive definite matriz solution
if the matriz C = Zf;ol PL P, is positive definite.
The uniqueness will be given out in Section 3. To prove Theorem 2.1, we
need the following Brouwer’s Fixed-Point Theorem [5].

Lemma 2.1 Every continuous mapping f : D — D of a compact, conver,

and nonempty set in R® has a fized point.

Let R4 = {X € R**®; X be a positive definite s X s matrix}. It is easy
to show that if both X7 and X, are positive definite matrices, then (1 —
t) X1 + tX2 is also a positive definite matrix for 0 < ¢ < 1, i.e,, R4 is a
convex set of R°*®. For sx s matrices P; and real numbers a;,0 <1 < k—1,

we define a mapping by
k—1
fX)=>_P'X*P, XEeR,. (7)
1=0

The following lemma shows that if C' = Z;:ol PP, is positive definite,

then f is continuous from R, to itself. We first introduce the following

notations:
a = max{|a,0<i<k—1},
b = min{\min, Amax b (8)
B = max{\max, )\;]iln},

where Amin and Amax are the smallest and largest eigenvalues of the pos-

itive definite matrix C = Z;:ol PT P, respectively. It is easy to show



that

b=B"'<1. (9)
Lemma 2.2 [fC = Z;:ol PT' P, is positive definite, then the mapping f,
defined in (7), is continuous and from Ry to itself.
Proof. First, we will show that f maps Ry into Ry. For each X € R4,
let § be a positive number smaller than both the minimum eigenvalue of

X and the reciprocal of the maximum eigenvalue of X . Then X > 61

and
f(X) = ;“:_01 ]DZTXC”]DZ > ;i::—OI PZT((SI)‘(!Z'P[
> YR L prOenep =sc,

where [ is the identity matrix. Therefore, f maps Ry into Ry. The con-
tinuity of f in (7) follows directly from Lemma 6.2.37 in [3]. B

We will use the Brouwer’s Fixed Point Theorem on the mapping f. How-
ever RY is not compact. To find a compact subset, for any positive number
a, we set
1
E, =at-o1].

Let
D={XeRy; Ey <X < Egp}.

Then we have the following lemma.

Lemma 2.3 D is a closed, bounded, and conver set in Ry. Furthermore,
the mapping f defined by (7) maps D into D if C = Zf;ol PP, is positive
definite, i.e.,

f:D— D.

Proof. First, it is obvious and well known that D is closed, bounded,

and convex.

To show that f maps D into D, we first prove that if X € D, then
f(X) > Ey. (10)

In fact, for X € D and each [, from the inequalities (8) and (9), we obtain
that
PrX*p > plT(bﬁ])\azlpl > b7 PP
Therefore, we have
f(X) = XI5 PIXMP > S5 b BT = b C

> brebl =bTa ] = [,



i.e., inequality (10) holds. Similarly, since B = b~" > 1, we have
PTX P, < PZT(BﬁI)“”lPl <BTaP'P,

and

f(X) = SEIPTX PR <Yi) BT Y PR
(e a 1
BiT-a(C < BT-ea Bl = B1-« [ = Ep,

ie, f(X) < Ep. So f(X) € D, ie., f maps D into D. Lemma 2.3 is
proved.H

Proof of Theorem 2.1. From Lemma 2.2 and Lemma 2.3, the as-
sumptions of Lemma 2.1 (Brouwer’s Fixed-Point Theorem) are satisfied.
Therefore, the mapping f has a fixed point in D. A fixed point of f in
D is a solution of equation (2) in D. Since every matrix in D is positive
definite, the solution of equation (2) in D is positive definite. Thus we
proved the Theorem 2.1.1

Theorem 2.1 indicates that if C' = Ef;ol PP, is positive definite, then
the equation (2) has a positive definite solution. Next, we consider the
condition that C' be positive semidefinite rather than positive definite.

Theorem 2.2 Equation (2) has a positive semidefinite but not positive
definite matriz solution if C = E;:Ol PT' P, is a positive semidefinite ma-

triz, but not a positive definite matriz.

Non-trivial solutions of (2) exist under assumptions in Theorem 2.2 except

some special cases which will be explained in a later theorem.

Proof of Theorem 2.2. The proof is by mathematical induction on s,
the order of the matrix C. If s =1, P,,0 <1 < k—1 and C are real
numbers. Thus, C = Ef;ol PP P, being a positive semidefinite matrix,
but not positive definite matrix means that C' = Z;:ol P? =0, ie.,
P, =0,0<!<k—1. This means (2) has only a trivial solution. Theorem
2.2 is therefore true. We assume that Theorem 2.2 is true for s =t — 1.
By the mathematical induction, we only need to show that the theorem
is true for s = ¢t. Since C' = Zf;ol PT P is positive semidefinite and not
positive definite, then C' is singular. Therefore zero is an eigenvalue of C|
i.e., there exists an unit eigenvector v € R* such that Cv = 0. Thus, we

have
k—1 k—1 k—1
Z |Pv|? = Z(BV)T.PIV = ZVTPZTPZV =vicv=o0.
1=0 1=0 1=0

This means that
Pv =0, 0<i<k-1,



i.e., v is a common unit eigenvector of P, 0 < [ < k — 1. Thus, there
exist column vectors vi = v,va, -+, v¢ such that Q = (viva---vy) is an

orthogonal matrix and

P=QPQ", 0<I<k-1, (11)

_(o B
o P )’

and P} is a (t — 1)-row vector and P; is a (t — 1) x (t — 1) matrix. By
denoting X= QRTXQ, in (11), equation (2) is equivalent to

where

Jas)

X = T X P, (12)

X = P X P, (13)

has a positive definite matrix solution. If C' = E;:ol PT'D, is positive
semidefinite, but not positive definite, then according to the mathematical
induction, (13) also has a positive semidefinite matrix solution. If X is a

solution of (13), it is easy to verify that

N 0 0
() w

is a solution of (12). And X = Q)?QT is a positive semidefinite solution
of (2). &
In the following theorem, we will answer the question raised earlier

about the existence of only trivial solution of (2).

Theorem 2.3 Equation (2) has only trivial solution X = 0 if and only if
there exist an orthogonal matriz QQ and upper-triangular matrices Uy, 0 <
I < k—1, with zero diagonal elements, i.e., all the diagonal elements of
U, 0<1<k—1, are zeros, such that P, = QU;QT, 0 <1<k —1.

Proof. We use mathematical induction on s, the order of the matrix C,
to prove Theorem 2.3. We first prove the necessity, i.e., if (2) has only
a trivial solution, then there exist an orthogonal matrix ) and upper-
triangular matrices U;, 0 < [ < k — 1, with zero diagonal elements, i.e.,
all the diagonal elements of U;, 0 < [ < k — 1, are zeros, such that
P=QUQR", 0<1<k—1. For s =1, we will show that if (2) has only



a trivial solution, then C' = Zf:ol PP = Zf;ol P? = 0. Otherwise, if
C # 0, we consider the following function,

k-1
h(z) =Y Plz™™' - 1L (15)
1=0
It is easy to show that h(x) is strictly decreasing in the interval (0, o),
lim,_,o+ h(z) = oo, and limz—oo h(z) = —1. There must exists z > 0
such that h(z) = 0. Note that a solution of h(x) = 0 is also a solution of
(2). This is a contradiction to our assumption that equation (2) has only
a trivial solution. Thus, P, =0, 0 <1 < k — 1, if (2) has only a trivial
solution. Now, we assume that the necessity is true for s = ¢t — 1. By
mathematical induction, we only have to show that the necessity is true
for s = t. Repeating the proof of Theorem 2.2, we have the existence of an
orthogonal matrix Q and matrices P satisfying (11). And (13) has also
only a trivial solution, otherwise )/f, defined by (14), will be a non-trivial
solution of (12) if X is a non-trivial solution of (13). Thus, according to
the induction, there exists a (t — 1) x (¢t — 1) orthogonal matrix @ such
that P, = QU;QT, 0 <1 < k—1, where U;’s are upper triangular matrices

with zero diagonal elements. And

P,

DT _ OPI* T
RPQ =Q 0 Pz)Q

B 10 0 P 10 - -
(1)) (g o

The necessity is proved.

We still use mathematical induction to prove the sufficiency of Theorem
2.3. For s = 1, the fact that there exist an orthogonal matrix @ and
upper-triangular matrices U;, 0 <1 < k — 1 with zero diagonal elements
such that P, = QU;QT, 0 <1< k—1 simply means P, =0, 0 <[ < k—1.
In this case, (2) has only a trivial solution. Assuming that the sufficiency
is right for s = ¢t — 1, we will show that it is also true for s = ¢. Let
P =QUQT, 0<1<k—1.If X is a solution of (2), then X = QTXQ

is a solution of
k—1

X =Y u'x"u. (16)
1=0
Since U; is upper triangular matrix, we have

v=( 9 U ., 0<I<k-—1,
0 U

where U, is a (t — 1) x (¢t — 1) matrix and U, is a t — 1 row vector. It is

easy to check that the elements on the first column and the first row of



each matrix UZT)?"” U; must be all zeros, and so is )/f Therefore we have

=(° %),
0 X

where X is a (t — 1) x (¢ — 1) matrix. Combining (16), it yields

the following form

According to our assumption for s =t — 1, the equation above has only a

trivial solution. Theorem 2.3 is proved. W

The solution of (2) is usually very difficulty to obtain and has no explicit
form. The following theorem shows that under certain conditions, we can

solve (2) more efficiently.

Theorem 2.4 If there exist an orthogonal matriz Q and diagonal matri-
ces Ay = diag(M\1, -, Ais), 0 <1< k—1 such that P, = QAQT, 0 <1 <
k—1, then X = QAQT is a solution of (2), where A = diag(A1,---,\s)

and A; is the unique positive solution of

E
s

A=) A< <s, (17)

Il
<)

if S AR >0, and N =0 if Y10 A, = 0.
Proof. If 25:01 AZ; > 0, similar to (15), it is easy to prove Z;:ol AT AT —
1 = 0 has a unique positive solution A; which is also a solution of equation
(17). I 37 A2, =0, then A; = 0. For A; =0, \f = (\))I*l = 0ifa < 0.
Thus, f:_OI ALiAST =0 = \;. Therefore, we have

k—1 k—1 k—1
D AN = diag(y_ AT 3O AR = diag(ha, e ).
1=0 =0 1=0

Finally, it follows that
Do PEXMP = Y QMQTXMQAQT
QY1) MA“ QT = QAQT = X.
This completes the proof of Theorem 2.4.1

In the next section, we will also show that the non-trivial solution of equa-
tion (2) in any of the Theorems of this section is unique as a consequence

of the limit of a recursively defined sequence.



3 Recursively Defined Matrix Sequences

Before discuss the uniqueness of the solution of (2), we consider the fol-

lowing recursively defined matrix sequence.

k—1
Xntr =y B X3\ P, n>0, (18)
=0
where Xo, -, Xi_1 are initial positive definite matrices. For the matrix

sequence {X; : i > 1} recursively defined by (18), we obtain the following

theorem.

Theorem 3.1 If C' = Z;:ol PT P, is positive definite, then for arbitrary
initial positive definite matrices X; > 0, 0 < i < k — 1, the malriz se-
quence {X; : i > 1} defined by (18) converges to a positive definite matriz
solution of (2), independent of the initial matrices X; >0, 0 <i < k—1.
Moreover, the positive definite solution of (2) is unique, since the limit of

the matrix sequence is unique.

Proof. According to Theorem 2.1, equation (2) has a positive definite
matrix solution X > 0. Therefore, there exist positive numbers 0 < ag < 1

and a1 > 1 such that the initial matrices satisfy the inequality
aX <X; <a1X, 0<i<k—1, (19)

since X;, 0 < i < k—1 are positive definite matrices. In fact, we can take

. 1 Amin ~
0 < ap < min ¢ min{l, 522, 0 <3 <k —1}, p—— J
max max{l,w; 0<i<k—1}

min

and

_ -1
ay = aqg ,

where Amin and Amax are the smallest and largest eigenvalues of matrix X,
Amin,i and Amax,i, 0 <4 < k — 1 are the smallest and largest eigenvalues
of matrix X;, respectively. Let n = mk + r, where 0 < r < k and m is a

nonnegative integer. We will prove the following inequalities,
(a0)*" X < X < (a1)*" X,0< 7 <k, (20)

where « is defined in equation (8). If we assume that inequality (20)
holds, then it is easy to show that a™ — 0, (ao)"‘m — 1 and (al)o‘m — 1
as m — oo, since 0 < a < 1. Therefore,

lim X, = X.

n—oo

This also means that the positive definite matrix solution of (2) is unique,

since the limit of matrix sequence {X,, : n > 1} is unique. To complete



the proof of Theorem 3.1, we only need to prove the inequality (20). To
this end, we will use mathematical induction on m. From inequality (19),
inequality (20) holds for m = 0. Assume that (20) is true for m = p — 1,
ie,forn=(p—-Dk+7r0<r<k,

(@) X > Xn > (a0)® X, 0<r <k (21)

holds. We only need to prove that (20) is true for m = p. If oy > 0, it
is easy to check X&l—l)k-‘-l > (ao)“pilf”X‘”. If oy < 0, then X(apl—1)k+z >
((al)o‘pilX)‘” = (ao)o‘pil‘o‘llX‘” since a1 = %—1. Thus, from inequality
(21), we have

k—1 pT v
Xpk = Zl:OPlX(pl—l)k+l

P> Zf:_ol PZT(ao)“p71|°‘l\Xazpl
= Y1 (o) PTX P > (a0)*” L) PTX P,
= (a0)*"X,
since ap < 1,y < ,0 <[ < k, and X is a positive definite matrix

solution of (2). Furthermore, using X, > (a0)® X, we obtain

k—1 pT o k—2 pT o T g
KXpet1 = Zl:O B X(;;l—l)k+l+1pl = Zl:O B X(;;l—l)k+l+113l + Pk—lkaA ' P

> ;:02 PZT(aO)O‘pfl‘a”Xo"Pl + Pg,lagp‘akfllXak—lpkfl
= T (ao) T REX P 4 gt P X Py
> (ao)ap ic;ol PZTquPl
= (a0)*"X,

lag—1laP

since ay > ag”. Using Xpr > (a0)® X and Xppi1 > (a0)® X, we
can show that Xppio > (ao)o‘pX. Repeatedly using the same processes
with the first i inequalities Xpx1t > (a0)® X,0 <t <i—1 for (i < k), we
have

Xpkri > (a0)* X, 2<i < k.
This means

Xphtr > (a0)*" X, 0< 7 < k.

Similarly, we can obtain
Xpkrr < (1) X, 0<r < k.
Therefore, we have proved inequality (20). W

By Theorem 2.3, equation (2) has only a trivial solution X = 0 if and
only if there exist an orthogonal matrix @) and upper-triangular matrices
Ui, 0 <1 < k—1 with zero diagonal elements such that P, = QUlQT, 0<
I <k-1. If C = f:_()l PP P, is positive definite, then, according to

10



Theorem 2.1, equation (2) has a positive definite solution. Furthermore,
the matrix sequence defined by (18) converges to this solution. If C is
positive semidefinite, but not positive definite, from the proof of Theorem

2.3, there exist 1 < 7 < s and an orthogonal matrix @ such that

(U ) o<i<k-n
0 P

and P, = QﬁlQT, 0 <1 < k-1, where each Uj is a 7 X 7 upper triangular
matrix with zero diagonal elements, each V; is a 7 X (s — 7) matrix, and
C = Zf;ol PZTPZ is a positive definite matrix. In case of 7 = s, P, and V
will not appear and ﬁl = Uy, and according to Theorem 2.3, equation (2)

jas)]

has only a trivial solution. Therefore, in the following, we always assume

that 1 < 7 < s. We consider the following matrix sequence

k—1
Xotk=» B'X7L,P, n>0, (22)
1=0
where )?o, s )/(\'k,1 are initial positive definite matrices. For the matrix

sequence {X; : i > 1} recursively defined by (22), we obtain the following

theorem.

Theorem 3.2 For arbitrary initial positive definite matrices X > 0,0
i < k —1, the matrix sequence {)/(\'Z : 1> 1} defined by (22) converges to

g=(9°
0 X

which is independent of the initial matrices X > 0, 0<i<k-1,
if C = ;:01 PT P is a positive definite matriz, where X is a positive

definite (s — 7) x (s — T) matriz solution of the following equation.

X=N p'Xx“p. (23)

Lemma 3.1 Fori>mk,1<m <,

=% %),
0 X;

where each X; is a (s —m) x (s — m) matriz.

Proof. It is easy to check that all elements in the first column and the
first row of ]/SIT)??_’,CHﬁhO <l < k,i > k are zeros, and so is X, =
Z;:ol }/%T)A(f‘_lkﬂﬁl. Assume the elements in the first h — 1,1 < h < T,
rows and the first A — 1 columns of X; are all zeros for i > (h — 1)k. We

11



will prove that the elements in the first A rows and the first A columns of
)?i are also all zeros for 1 > hk. Let i =n+ k and n > (h — 1)k. Since
k—1
Xosn=» P'X74, P, n>0,
1=0

we only need to focus on ]%T)?Sf'_lﬁl for each I. Since n+1 > (h—1)k, we

have o
o 0 0 0 0
X’nan = Y = v O )
( 0 Xnti ) < 0 Xoh )
where X,,41is a (s —h +1) X (s — h + 1) matrix. We denote
~ U vV
p—( U Y ,
0 B

where P, is a (s — h+41) x (s — h+ 1) matrix, and the elements in the first

column of P, are all zeros. Thus,

ﬁzT)?a"ﬁl = [{lT ~O 0 ~0 v Yl
i vt Bt 0 Xnti 0 P
A 0
B 0 P'Xnub

Since the elements in the first column of P are all zeros, it is easy to check
that the elements in the first row and the first column of PZTXTLHI}Z are
all zeros, i.e., the elements in the first h rows and the first h columns of
)?i = )?n+k are zeros for ¢ > hk. By mathematical induction, we have
that the elements in the first 7 rows and the first 7 columns of )/(\'Z are all

zeros, i.e., for i > 7k, we have

=% %),
0 X;

where each X; is a (s — 7) x (s — 7) matrix. B

Proof of Theorem 3.2. According to Lemma 3.1, for n > 7k, we have
0 0 . IS
( ) = Ko = X5 BIXILP

0 Xn+k
s ut o o o \'[u v
=0y pT 0 X 0 P

_ oy U0 0 0 U Vi
=0y pT 0 X, 0 P

(o 0
~ o s erxne )

12



Thus,

Xprw=Y PTX P n>rk (24)

Since C' = Y1~} PTP is positive definite, according to Theorem 3.1, the
matrix sequence {X,} defined in (24) converge to X, the positive definite
matrix solution of (23), independent of the initial matrices X > 0, 0L

i < k —1. According to Lemma 3.1, for ¢ > 7k, the matrix sequence

=% %),
0 X;

defined by (22), converges to

(% %),
0 X

independent of the initial matrices )?Z >0, 0<¢<k—1. Theorem 3.2 is
proved.l

With Theorem 3.2, it is easy to obtain the following corollary.

Corollary 3.1 For arbitrary initial positive definite matrices X; > 0, 0 <
i < k —1, the matriz sequence {X; : i > 1} defined by (18) converges to

0 0 T
X = _
o5 v)e
which is independent of the initial matrices X; >0, 0 < i < k — 1, where
X is the unique positive definite matriz solution of (23).

Since the limit of a matrix sequence {X,} is unique, the nonnegative and
nontrivial solution of the equation (2) in Theorem 2.1 and Theorem 2.2

is unique.

In Theorem 3.1, Theorem 3.2, and Corollary 3.1, we require that the initial
matrices are positive definite. We know that for some square matrix X
and real number «, X may have no definition. Therefore, we could
not obtain a matrix sequence by (2) if we don’t ask the initial matrices
symmetric. However, it is very interesting that the sequence {X; : ¢ > 1}
defined by (18) always converges to the positive definite solution of (2)

for random initial matrices when we do simulations with computers.

13



4 Another Kind of Nonlinear Equations
and Recursively Defined Matrix Sequences

In this section, we study, under the same assumption of equation (2), the
existence of positive solutions of the following equation
k—

X = Z PIXP)™, X e Ry, (25)

1=0

H

and recursively defined vector sequence

k—1
Xtk = Z(Pz XnptP), n >0, (26)

1=0
Since all proofs and results are parallel to those for equation (2) and
sequence (18), we only give out some main conclusions for equation (25)

and sequence (26).

Theorem 4.1 Equation (25) has unique positive definite matriz solution
if the matrices C = Zk 1(P P)* is positive definite.

Theorem 4.2 Equation (25) has a positive semidefinite matriz solution
if C = Z (Pl P)® is a positive semidefinite matriz, but not a positive

definite matriz.

Theorem 4.3 Equation (2) has only trivial solution X = 0 if and only if
there exist an orthogonal matriz QQ and upper-triangular matrices Uy, 0 <
I < k—1 with zero diagonal elements, i.e., all the diagonal elements of
U, 0<1<k—1 are zeros, such that P, = QU;QT, 0 <1<k —1.

Theorem 4.4 If there exist an orthogonal matriz Q and diagonal matri-
ces Ay = diag(M\i1, -, Ais), Miys s are real numbers, 1 < i <s, 0 <1<
k—1 such that P, = QA QT, 0 <1< k—1, then X = QAQT is a solution
of (25), where A = diag(A1,---,\s) and \; is the non-negative solution of

k—

Z)‘lz 71Si§87 (27)

=0

,_

where \; > 0 zfz YA

if S0 Al =o.

Theorem 4.5 If C' = f;ol(PlTPl)‘” is positive definite, then for ar-
bitrary initial positive definite matrices X; > 0, 0 < i < k — 1, the
matriz sequence {X; : 1 > 1} defined by (26) converges to the unique pos-
itive definite matriz solution of (25), independent of the initial matrices
X;>0,0<i<k-—1.
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