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Usage of Fuzzy a Priori
Information for Modeling
Systems with Variated
Parameters

A. Korkhin, National Mining University, Ukraine

Modelling of systems with parameters varied in time is an urgent problem as
such systems are widely spread in engineering and economics. There are various
solutions of this problem which are viewed in [1], for example. Their characteristic
property is that they are designed for the big samples and calculations in real
time: parameters of system are estimated at the moment of time t = T on T to
supervision, estimations of parameters for t < T are not corrected. Such approach
is acceptable for management of engineering systems and is not very productive for
solving problems of modelling economic systems with the purpose of studying their
structure. Non-stationarity is a characteristic property of many economic systems
as well as rather short time series of variables, which allow to construct model. The
abovesaid is especially right for the annual data.

The model of non-stationary system construction method based on use of short
time series of variables and fuzzy a priori information about the system is offered
in the present research. We shall assume, that the whole segment of observation
[1, T ] is devided on intervals with constant parameters of the system. Lengths of
these intervals are arbitrary and their minimal value equals to 1 (in this case it is
considered, that parameters of the system variate at each moment of time). Giving
these reasons, the switching model of regression follows:

yt = x′t(i)α
0
i + εt, i = 1, N, t ∈ Ii = [ti, Ti] , (1)

where yt ∈ <n - is dependent variable, x′t (i) ∈ <n - regressor, α0
i - unknown

parameter of regression, i - index of a point of switching, εt - noise (hereinafter ”′”
means transposing).

Parameters of regression are constant and equal α0
i on interval Ii with number

of observations mi . Let t1 = 1, ti = Ti−1, i ≥ 2. We shall consider further, that
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points of switching ti are already known, and the value of mi may be less than n.
The estimation problem, examined below, differs from described ones in literature.

Let parameters of regression on adjacent intervals Ii and Ii+1 be near enough,
this is possible to formulate as fuzzy restriction

gi(α) = αi − αi+1 = βi, (2)

where α = (α1, ..., αN )′ , βi - vector, its components - are fuzzy given numbers,
which membership functions are concentrated in the areal of 0 .

Let’s describe membership function βi to fuzzy subset Bi of space <n as an
expression

ϕBi(βi) = exp(−‖βi‖2 /2). (3)

The description of membership function as an exponential function (3), obviously,
is not the only one. Its advantage is simplicity and possibility to change the sign of
βi.

LetAi be a set of estimations of parameter of regression α0 = ((α0
1)′, ..., (α0

N )′)′,
α0 ∈ <nN , that satisfies restriction (2). Because βi is assigned fuzzy, Ai is a fuzzy
set. Let its membership function be ϕAi(α). Thus,

Ai = {α : ϕAi(α), α ∈ <n} . (4)

The set Ai is prototype of Bi for the function βi = gi(α) . Thus, we have

ϕAi(α) = ϕBi(βi). (5)

Let us have N − 1 restrictions of type (2). The set of admissible estimates of
parameters of regression is crossing of fuzzy sets Ai , i=1, N − 1, A = A1 ∩A2

∩... ∩ AN−1. Membership function of fuzzy set A according to (3), (5) looks like

ϕA(α) = ϕA1(α)...ϕAN−1(α) = exp(− 1
2

N−1∑
i=1

‖αi − αi+1‖2), N ≥ 2.

We shall take the function F1(α) = 1
2

N∑
i=1

∑
t∈Ii

(yt − x′t(i)αi)2 as criterion for

accuracy of estimation of parameters of regression. Lets choose such estimation of
parameter α , that minimizes F1(α) and at the same time its membership degree
to admissible set A is maximized. Thus, we come down to two criterial estimation
problem

F1(α)→ min, ϕA(α)→ max . (6)

According to lemma 2 [ 2 ], considering positivity of ϕA(α) , it is possible to
replace the second criterion in (6) for lnϕA(α) . Thus, (6) is equivalent to a problem

F1(α) =
1
2

N∑
i=1

∑
t∈Ii

(yt−x′t(i)αi)2 → min, F2(α) =
1
2

N−1∑
i=1

‖αi − αi+1‖2 → min, N ≥ 2.

(7)
We shall consider Pareto-optimal solutions (further P-estimations of parame-

ters of regression) as the solution for (7). We shall introduce the following matrixes:
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X(i) = [xtk(i)] , t = ti, Ti, k = 1, n (dimension T × n); X = diag(X(i)), i = 1, N

(dimension T ×N ), where T =
N∑
i=1

mi, xtk(i) - k component xt(i) . We shall gen-

erate matrix M =
[
X√
rC

]
. Here r > 0, Jk - is unitary matrix k×k , C = L⊗Jn

, where a matrix

L =


1 −1 0 ... 0 0
0 1 −1 ... 0 0
... ... ... ... ... ...
0 0 0 ... 1 −1

0

 has dimension (N − 1)×N.

We have M = [Mj×i] , i = 1, N, j = 1, L , where Mj×i - is a vector, with

dimensions T + n(N − 1) , and Mj×i =
[
Vj×i
Uj×i

]
. Here Vj×i =

 Oρ1

xj(i)
Oρ2

 , where

xj(i) =
[
xtij(i)
xTij(i)

]
, ρ1 =

i−1∑
k=1

mk, ρ2 =
N∑

k=i+1

mk, Ok , - is a zero k-dimensional

vector. Dimensions of Vj×i equal T . Components with index j + n(i − 1)and
j + n(i− 2) are equal to r and other components are equal to zero for vector U

j×i

with dimensions n(N − 1).
Lets introduce the following assumption relatively to regressor

Assumption 1. Columns of the matrix X̃ =

 X(1)
...
X(N)

 with dimensions T ×n

are linearly independent.

Lemma 1. Let the assumption 1 hold and T ≥ n.Then matrix M has a full rank.

Proof. Necessary and sufficient condition for linear independence of vectors Mj×i is

holding condition
n∑
j=1

N∑
i=1

pjiMj×i = OT+n(N−1) for all pji = 0. We get two systems

of equations from the given equality
n∑
j=1

pjkxj(k) = Omk , k = 1, N, (8)

n∑
j=1

pj1uj1(k) +
n∑
j=1

pj2uj2(k) + · · ·+
n∑
j=1

pjNujN (k) = 0, k = 1, qu, (9)

where uji(k) - is k component of vector Uj×i . The number of equations in the first
system is qv = T , in the second is qu = n(N − 1) . Here qv and qu are dimensions
of vectors Vj×i and Uj×i accordingly.

Lets look at the first equation in (9), which coefficients equal to u11(1) = r,
u12(1) = −r, uj3(1) = uj4(1) = . . . = ujN (1) = 0 . It follows that p11 = p12.
Similarly, we get from the rest of equations in (9)

pj1 = pj2 = . . . = pjN = pj , j = 1, n. (10)
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We get the system of equations X̃p = OT from this expression and (8) , where
p = (p1, . . . , pn)′. According to the condition of lemma its solution is p = ON .
From this expression and from (10) we get pji = 0, j = 1, n, i = 1, N .

For definition of estimations of parameters of regression with switchings we
shall convolute two criteria in one

F (α) = F1(α) + rF2(α)→ min, α ∈ Ω, r ≥ 0. (11)

Theorem 2. If conditions for lemma 1 and α ∈ Ω , where Ω is a convex set, are
satisfied, then P-estimation of parameters of regression (1), which are appropriate
for criteria in (7) is the solution for the problem in (11)

Proof. After transformations we get

F (α) =
1
2
y′y +

1
2
α′α− α′X ′y (12)

from (7), where y = (y1, . . . yT )′, R = X ′X + rC ′C = M ′M.
But according to a lemma 1 M has a full rank. Therefore quadratic form

α′M ′Mα is defined positively and, hence, (11) has a single solution. The statement
of the theorem follows from this conclusion and from [2], the theorem 8.

From abovesaid, P-estimations are functions of r, and we shall mark them
α(r). Function α(r) represents a compromise curve (CC) in the space of parameters
. Obviously, not all points of CC are acceptable because of very high value of the
first criterion. Therefore for the further analysis we shall select points of CC with
r ∈ Z = [r0, r1] . The properties of criteria as the function of parameter r will be
necessary to choose r0 and r1 . Denote fi(r) = Fi(α(r)), i = 1, 2.

Lemma 3. If the assumption 1 is hold, then f2(r) decreases strictly monotonously
if r ≥ 0.

Proof. Considering strict convexity of the function F (α) according to lemma 1 for
r2 > r1 > 0 we have

f1(r1) + r1f2(r1) < f1(r2) + r1f2(r2), f1(r2) + r2f2(r2) < f1(r1) + r2f2(r1) .
We shall receive (r1 − r2)(f2(r2) − f2(r1)) < 0 from this. The statement in

lemma follows from the given inequality.

Lemma 4. Let function f(α) be strictly convex and let function g(α) be convex.
Then function q(y) = min

α∈Ω
{f(α) : g(α) < y} is strictly convex.

Proof of lemma repeats the proof of the theorem 5.3 [ 3 ] with little differences.

Lemma 5. If the assumption 1 holds, then f1(r) grows strictly monotonously if
r ≥ 0.
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Proof. According to [4], p.168 the solution for (11) α(r) is also the solution for the
problem

F1(α)→ min, F2(α) ≤ F2(α(r)) = f2(r) = f2, α ∈ Ω.
Lets assume q(f2) = min

α∈Ω
{F1(α) : F2(α) ≤ f2}. According to lemma 4, q(f2)

is strictly convex function. It decreases monotonously [3], the theorem 5.2. Thus,
q(f2) decreases strictly monotonously for f2 ≥ 0. Then, considering f1(r) = q(f2)
= q(f2(r)) and a lemma 3, we shall receive f1(r2) = q(f2(r2)) = f1(r1) for r2 > r1.

Single estimation of α0 is necessary to get model (1). This estimation corre-
sponds to some parameter r∗ ∈ Z. For definition of r∗ lets use the Bellman-Zade
principle, according to which the viewed problem can be treated as a problem with
two fuzzy objectives of choice, because the first criterion increases and the second
criterion decreases with the increase of r and vice versa. Some fuzzy subset is a
fuzzy i objective, i = 1, 2, in set Z. We shall define it as Z̃i . Membership function
of Z̃i is ϕi(r) = (fi2 − fi(r))/(fi2 − fi1), where , fi1 = min

r∈Z
fi(r), fi2 = max

r∈Z
fi(r).

According to lemmas 3, 5 ϕ1(r) decreases from 1 to 0, and ϕ2(r) increases
from 0 to 1. The set Z̃1 ∩ Z̃2 is a fuzzy solution for problem of achievement of a
fuzzy objective . Its membership function is µ(r) = min(ϕ1(r), ϕ2(r)), since the
condition Z̃1 ⊆ Z̃2 is not hold. A single solution for a problem will be r = r∗ ,
which maximizes µ(r): it has the maximal membership degree to the crossing of
sets Z̃1and Z̃2 .

Theorem 6. If the assumption 1 and α(r) ∈ Ω (Ω - convex set) is hold, then µ(r)
is unimodal function.

This result follows directly from a lemma 1.
From the theorem 6 follows, that the single solution for the problem will be

r = r∗ , which maximizes µ(r). It can be found by the method of golden section
with known r0 and r1 . From lemmas 3, 5 follows, that it is possible to set r0 = 0
and to find the value of r1from the condition

fi2/y(T − nN) = δ ≤ F1(α(0))/y(T − nN), (13)

where y is the average value of a dependent variable on segment [1, T ] , δ is a
maximum admissible relative error of model (set value).

From abovesaid, the problem (11) needs to be solved repeatedly for defining
the estimation of parameter of regression α(r∗) . We shall consider the algorithm
for its solution, which allowes to reduce the duration of calculations.

From (11), (12) we have α(r) = R−1Z, where Z = X ′y. It is easy to see,
that R is the block matrix and its inversion consists from the consecutive matrix
inversions

Ri =
[
Ri−1 Pi−1

P ′i−1 Di−1

]
, i = 2, N, (14)

where Pi =
[
On(i−1)n,n

−rJn

]
, i = 2, N − 1; Di = X ′(i + 1)X(i + 1) + qi+1Jn, i =
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1, N − 1 (Okl is a zero matrix k×l). Here, D0 = R1 = X ′(1)X(1)+q1Jn; P1 = −rJn;
RN = R; qi = rki, k1 = kN = 1, ki = 2, i = 1, N − 1. Having applied the formula
of inverse block matrixes to (14) we shall receive

R−1
i =

[
R̃i−1 P̃i−1

P̃ ′i−1 D̃i−1

]
, i = 2, N, (15)

where

R̃i−1 = R−1
i−1 + r2

[
Mi−1P̃i−2 Mi−1D̃i−2

Ni−1P̃i−2 Ni−1D̃i−2

]
, i = 2, N ; (16)

Mi−1 = P̃i−2D̃i−1, Ni−1 = D̃i−2D̃i−1, i = 2, N ; (17)

P̃i−1 = r

[
P̃i−2

D̃i−2

]
D̃i−1, i = 2, N ; P̃0 = D̃−1

0 = D−1
0 = R̃1; (18)

D̃i−1 = (Di−1 − r2D̃i−2)−1, i = 2, N.
Lets set: A0

i = ((α0
1)′, . . . (α0

i )
′ ; Ai|θ(r) and αi|θ(r) are estimations of A0

i

and α0
i from supervisions at θ intervals (i ≤ θ ≤ N) accordingly provided that

estimation α0
i+1 is equal to 0 if i < N . Obviously, AN |N (r) = α(r). Then

Ai|i(r) =
[
Ai|i−1(r)
αi|i(r)

]
= R−1

i Zi =

[
R̃i−1 P̃i−1

P̃ ′i−1 D̃i−1

] [
Zi−1

zi

]
, (19)

where Zi = (z′1, . . . , z
′
i)
′ = (Z ′i−1, z

′
i)
′, zi ∈ <n, Zi ∈ <in, i = 2, N .

Theorem 7. If the conditions of lemma 1 hold, then estimations of parameters of
regression are defined by the following expressions:

αi|i(r) = D̃i−1(rαi−1|i−1(r) + zi), i = 2, N, α1|1(r) = R−1
1 Z1, (20)

Ai−1|i(r) = αi−1|i−1(r) + P̃i−1(rαi−1|i−1(r) + zi), i = 2, N. (21)

Proof. After transformation we get from (15) - (17), (19)

Ai−1|i(r) = R−1
i−1Zi−1 + r

[
Mi−1(rP̃ ′i−2Zi−2 + rD̃i−2zi−1 + zi)
Ni−1(rP̃ ′i−2Zi−2 + rD̃i−2zi−1 + zi)

]
.

We get αi−1|i−1 = P̃ ′i−2Zi−2 + D̃i−2zi−1. Inserting this expression in formulas
for Ai−1|i(r) and αi|i(r) in (19) we shall finally receive (20), (21).

Modelling the distributed lag is one of the supplements of the model (1).
The distributed lags are applied to modelling the level of discount rate, a rate of
exchange, process of reproduction of a fixed capital etc.

The problem of estimating the structure of a lag, despite of the fact that
many people worked on it for a long time, cannot be considered to be solved. One
of the not very developed questions is modelling the distributed lag with variable
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structure. Lets consider its solution with reference to modelling the investment
process. The non-stationary model looks like

yt =
L∑
j=0

α0
j (t)Kt−j + εt, t ∈ Ii = [ti, Ti] , i = 1, N, t = L+ 1, L+ 2, . . . , T, (22)

where yt - are the capital assets put into operation in t year; Kt−j are fixed capital
investments in t − j year, α0

j (t) is true value of j coefficient of lag in a t year
(unknown value); L - is the maximal lag.

During one time period the coefficients of lag are considered constant:

α0
j (ti) = α0

j (ti + 1) = . . . = α0
j (Ti) = α0

ij , i = 1, N, j = 0, L. (23)

Lets assume α0
i = (α0

i0, . . . , α
0
iL)′, xt(i) = (Kti ,Kti−1, . . . ,Kti−L)T . Then the

model of the distributed lag (22) will be reduced to model ( 1 ).
The coefficients of a lag vary slowly enough because of sluggishness of economic

processes on macrolevel, which is possible to write down as a fuzzy restriction (2).
The coefficient of a lag shows, what part of fixed capital investments in the

year t− j transforms into capital assets in a the year t, therefore

0 ≤ αij ≤ 1, i = 1, N, j = 0, L. (24)

The top index ”0” beside coefficients of a lag is omitted hereinafter. It means,
that the given value varies.

Fixed capital investments for any year are fully or partly capitalized which
generates restriction

Mt =
L∑
j=0

αj(t+ j) ≤ 1, t = L+ 1, . . . , T − L, (25)

and according to (23) αj(t) = αij , t ∈ Ii, i = 1, N .
The given expressions allow to estimate coefficients of a lag, having solved

problem (11), where Ω is set by expressions (24), (25).
The described method was applied for modelling process of transformation

of fixed capital investments inot capital assets of Ukraine in 1960-2000. Cardinal
changes occured in economy of Ukraine during the viewed period of time: transition
from a planned economy to market. Apparently, the factors of a lag during this
period were not constant. In order to consider those changes, the analyzed period
of time was divided into two intervals: the first is 1960-1991, the second is 1992-
2000. The results of modelling for the second interval are stated below. Essential
changes in price and a tax policy occured during the second interval. Therefore the
number of segments chosen with the constant coefficients of lag equals 9, each of
1-year length: in (1) N = 9, ti = Ti, i = 1, N . The value of L in (22) is inexpedient
to choose more than 2 since at L = 2 redundancy of the data is insignificant and
equals (T − 2)/n = 2.33, where T = 9, n = L + 1 = 3 is a number of estimated
coefficients of a lag for each year.
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The initial data for calculations were taken from ”The Statistical Yearbook of
Ukraine, 1996-2000”. In (13) put δ = 0.1. The mean square error of the residual
equaled 7.1 % from the average value of cost of the capital assets put into operation
for the viewed period of time. Estimations of coefficients of lag α̃j , j = 0, L are
submitted in the table.

The table

Interval of time I1 I2 I3 I4 I5 I6
Number of year 1 2 3 4 5 6
Year 1992 1993 1994 1995 1996 1997
α̃0 0.468 0.456 0.479 0.503 0.532 0.574
α̃1 0.105 0.152 0.201 0.25 0.31 0.321
α̃2 0 0.037 0.074 0.112 0.15 0.187

Interval of time I7 I8 I9
Number of year 7 8 9
Year 1998 1999 2000
α̃0 0.593 0.615 0.621
α̃1 0.309 0.306 0.311
α̃2 0.147 0.117 0.101

The estimation α̃i2 for the viewed period increased first, and then started
to decrease as seen from the table. Its increase shows the increase of the big ob-
jects share in construction, and some subsequent decrease shows the increase of
efficiency of construction due to reduction of its terms. The growth of efficiency of
construction is confirmed with increase of coefficients α̃i0, i = 1, 9.
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