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1 Introduction

Quantum computing operates in three steps: (i) preparation of the initial states of
the n qubits of a register, (ii) transformation of the state of this n-qubit register by a
composition of unitary operators which constitute the quantum program, and (iii),
measurement of all or part of the n qubits of the register. The existence of quantum
algorithms which are exponentially less complex than their classical counterparts
for some classes of problems (see [3, 6] for a thorough presentation of quantum com-
puting) stems from entangled states established by multi-qubit operators within the
quantum program. The state [¢)) of a quantum system composed of two quantum
subsystems A and B is said to be entangled when [¢) is not a pair |[¢Yavp) of a
state of A and a state of B: clearly, this definition shows that entanglement has
no classical counterpart. In quantum theory, such a pair is denoted by a Kronecker
product [14) ® |p): |1) is entangled if it cannot be factorized into |14) ® | 5).
This paper defines conditions according to which it is possible to tell whether
or not the pure state of an n-qubit register is entangled. The state of a single qubit is
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a vector a|0) + 3]1) of unit norm in a 2-dimensional vector space, where |0) and |1)
are the two basis states and where a and § are complex numbers, called amplitudes
in quantum theory. Then, if both A and B are qubits, the most general form of
the state of a 2-qubit register composed of A and B is a vector in a 4-dimensional
space: 1) = «|00) + £ ]01) ++|10) + & |11). Tt is straightforward to prove that |4)
can be factorized into |[4) ® | p) if and only if ad = B~. In such a case, |¢) is said
to be separable, i.e. not entangled. This paper generalizes this form of condition
to n-qubit registers. If |¢) is now the state of an n-qubit register, two different
ways of asking whether [¢)) is separable are answered: (i) is |¢) separable into a
product 1) ® [t2) ® ... ® |1,) of n single qubit states, and (ii), is |¢)) separable
into a product |14) ® |1p) of the states of two subregisters A and B, respectively
containing p and ¢ adjacent qubits with p+ ¢ = n? These conditions have the form
of the minimal sets of equalities among products of two amplitudes of |¢)) necessary
and sufficient for |¢)) to be separable.

The mathematical structure of quantum entanglement is not yet fully un-
derstood. There still exist fundamental open problems, one of them being the
characterization of separability. This problem has been most extensively studied by
considering the decomposition of quantum systems states into convex combinations
of product states of two subsystems. Even when the dimensions of the global system
are so that it may actually be a composite system of more than two subsystems,
there are a lot more results concerning this form of biseparability than results con-
cerning more complex forms of separability, where the problem would be to find
whether the global system state can be decomposed in terms of products of more
than two subsystems states. For a review of the main results and still open ques-
tions in the study of bipartite and multipartite entanglement, the reader is referred
to the tutorial by Dagmar Bruf [2], the survey by Jozef Gruska and Hiroshi Imai
[4] and the primer by Maciej Lewenstein et al. [5].

This paper defines direct separabilty criteria for pure multipartite quantum
states of systems of n qubits for any n > 2. Two forms of separability are considered,
full separability and p-q separability:

Definition 1. A pure state |¢n) € Hn of a quantum system composed of n qubits,
where Hy is the Hilbert space of dimension N = 2™ is fully separable iff it can be
factorized into a tensor product of n qubit states, each of them in Hay :

|Yn) is fully separable <= J|ha)y, [2), ... |Y2),,_1 € Ha such that |Yn) =
|1/’2>0 ® |¢2>1 Q-3 |¢2>n—1

Definition 2. Given integers p and q such that p+q =mn, |¢N) is p — q separable
iff it can be factorized into a tensor product of a subsystem state |tp) € Hp with a
subsystem state |g) € Hg where P = 2P and Q = 29 (i.e. the two subsystems are
composed of p and q qubits respectively):

[¥n) is p—q separable <= I|Yp) € Hp, |1hg) € Hg such that |{Yn) = [¥p) ®@1g)

The criterion for full separability is given in part 2 of the paper and the
criterion for p — ¢ separability in section 3. The last section of the paper draws
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attention to more refined questions which are worth studying further on the basis
of these results about separability and entanglement in n qubit systems.

2 Full Separability

Let a;, 0 < ¢ 1% ]}f—l, N = 2" be the amplitudes of |[¢n) € Hy, with Zij\;l o) =
L [yn) =320 @ili)

Definition 3. Pair product invariance is a property of |Yn) defined as follows:
|¥n) is pair product invariant <= Vk € [1,n],3 a constant ¢ such that Vi €
[0, K — 1]a;ax_i_1 = cx, where, for any integer k, K denotes 2.

If |¢n) is pair product invariant, many other equalities among products of
pairs of amplitudes are satisfied. The definition of pair product invariance provides
a minimal set of such equalities from which all others can be obtained. Among
the consequences of pair product invariance, equalities of the form ag;_ja0;, =
Qo5 _pQuoi1, with 1 < i < 277! — 1, are of special interest for proving the conditions
of full separability of |¢)x). The following lemma shows that these equalities indeed
hold whenever |¢y) is pair product invariant, provided that no amplitude of |¢x)
is zero:

Lemma 4. Let [¢Yn) be a state with no zero amplitude. Then: [Yn) is pair product
nvariant —> Vi € [1, on—l _ 1] Q2j_10v2; = (V23 _2(¥9; 41

Proof. By induction on index ¢. 0O

Lemma 5. Let |{n) € Hy be a state with no zero amplitude. Then:
[N is fully separable <= |Wn) is pair product invariant

Proof. By induction on n, the number of qubits, using lemma 4. O

States |¢n) = vazgl a; |i) € Hy, where N = 2", are always considered to be
normalized: ZZ—Z\LBI lai|? = 1. If [12) € Ho and |¢y) is a fully separable state in
Hy then |vo) ® |[tn), is a fully separable state in Hapn. The subset K of all fully
separable states in H is defined recursively as follows:

o Ho
Kan {l2) @ [¥n) | [th2) € Ko and [¥hn) € K}

. 1) . 1) .
With |¢2> = ( 5? ), |¢2N> € Koy is |¢2N> = ( 5? ) X |’lb]\[>7 i.e., for short:

_( %ol¥n)
o) = (22,

An amplitude abstraction function f : Hy — {0, 1}V, a set of well-formed bit
strings, a set of well-formed states Vn C Hyand a family of zero deletion functions



gk : VN — Hi, with K = 2% for 1 < k < n, will be useful for characterizing the
general case of full separability of [¢)x), when some amplitudes in |15 ) may be zero.

Definition 6. When applied to |[Yn) = ZZJ.V;Ol a;li) € Hy, the amplitude ab-
straction function f : Hy — {0,1}V yields a bit string x € {0,1}Y, with © =
ToT1...TN—1 Such that, for 0 <i < N —1:

xTr; = 0 iff ai:()
r; = 1 otherwise

Definition 7. The set By C {0,1}Y of well-formed bit strings of length N is
defined recursively as follows:

B, = {01,10,11}
Boy = {0Nz, 20N, zx|x € By}

where OV is a string of N 0s.

The number of 1s in & € By is either the number of 1s in y € By if z = 0Ny
or = 50V, or twice that number if 2 = yy. Therefore, the number of 1s in 2 € By
is K = 2, with k < n : this number will be denoted by |z|. It is also useful to
notice that the distributions of the Os in the string x when = = yy are identical
in both halves of . One may also notice that there are 3™ different bit strings in
Bon. The bit strings in By are said to be well-formed because they are amplitude
abstractions of fully separable states. This is the purpose of the next lemma:

Lemma 8. V|yn) € Kn : f(JYn)) € By
Proof. By induction on n, the number of qubits. 0O

According to this simple lemma, the bit strings in By tell where the 0s must
be for a state |¢)n) € Hy to be fully separable. But not all [¢n) € Hy such
that f(|1n)) € By are fully separable. There is indeed a set of states Vi, with
Kx C VN C Hy, and such that V|’(/JN> S VNf(|¢N>) € By:

Definition 9. The set of well-formed states is: Vn = {|Yn) € Hn | f(|¥n)) € By}

When a well-formed state [¢n) € Vn has a number of zero amplitudes, these
are placed correctly for this state to be a candidate to full separability.

But being well formed is not enough for |¢)n) to be fully separable, there must
also be conditions satisfied by the non-zero amplitudes of |¢)n), and by them only.
Since f(|1n)) € By, there are K = 2* non-zero amplitudes in |1y ), with k < n. If
K =1, |¢n) is not a superposition, hence not entangled: this trivial case will not
be considered in what follows. For K > 2, only the K non-zero amplitudes of |¢x)
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have to be considered. For this, all zero amplitudes will be eliminated from |¢ ),
yielding a state |¢)x) € Hx with no zero amplitudes:

Definition 10. For all sets Vn of well-formed states, there exists a family of zero
deletion functions {gx : VN — Hr|K = 2%, 1 < k n}defined as follows:

Vi) = i aili) with | f([Wn)| = K and K 22, gre([dn) = 05" o 1),
where o, = a; such that [{cy|l <i and a; # 0}] = j

The stage is now set for characterizing full separability of |} in the general
case:

Theorem 11. Let [1)n) € Hn be a state with |f(|¢n))| = K and 2 < K < N.
Then: |Yn) is fully separable <= |¢Yn) is well-formed and gx(|Yn)) is pair
product invariant.

Proof.

Case =: by induction on n, the number of qubits.

Base case: for n = 2, if |¢)4) is fully separable, then |¢4) is well formed since
[th4) € K4 C V4 by definition of these sets. If K = 2, g (|1h4)) € Ha is trivially
pair product invariant. If K = 4, the full separability of |i4) implies ;e = a3,
which is precisely the pair product invariance of g (|14)) € Hy.

Induction step: assume the = property holds for 2,3,...n qubits. Let
[thon+1) = |1han) be a state fully separable into a product of n + 1 component
qubit states, i.e. |pan) € Kan. Then, by definition of well-formedness, |1)2y) is in-
deed well-formed: f(|tban)) € Bany . Being fully separable, |¢ox) can in particular

be separated into:
)= (5 )2t = (3o )

where ( go > € Hs is normalised.
1

If 5o = 0, since §;1 = 1 and |f(|v2n))| = |f(J¥n))| = K in this case, then
gr (|Yan)) = gi (Jn)): by induction hypothesis on |¢n), g (|1h2n)) is pair product
invariant. Same reasoning when §; = 0.

If neither §p nor 07 is zero, and since |f(|an))| = 2|f(|¥n))] = 2K in this
case:

o= & Yo~ 5512}

Then, it is easy to verify that the induction hypothesis on |1y ), i.e. the pair
product invariance of gx (|#)n)), implies the pair product invariance of gax (|than))-

Case <: also by induction on n.

Base case: for n = 2, |1b4) being well-formed means that f(|i4)) € {0011, 1100,
1010,0101} when K = 2, and that f(Jv4)) = 1111 when K = 4. Then, when K = 2,
ajay = apaz, and when K = 4, the pair product invariance of g (|14)) € Hy is
ajas = apas: in both cases, [14) is indeed fully separable.



Induction step: assume the <= property holds for 2,3,...n qubits. |Pan)
is well-formed and, for some K, gx(|t)on)) is pair product invariant. The 2N
amplitudes of |1an) can be divided in two halves: the first N amplitudes will be
viewed as 7o |¢n) where |¢n) € Hy and the N remaining ones as 1 |xn) where
Ixn) € Hy . The only purpose of the complex coefficients 79 and v, is to keep
|pan) normalized: |yo|? + [71]?> = 1, since both |¢n) and |xn) are themselves
normalized. This will be summarized visually with the use of the (abusive) notation:

_( 0lén)

W) = ( Y1 IXN) )

The well-formedness of |¢ay) distinguishes three possible distributions of its
zero amplitudes:

() f(on)) = OV and f(lxw)) # O with f(xn)) € By . Tn this case,

7 =1 [f([Yen))] = [f(Ixn))| = K and gk (|¢2n)) = gx(Ixn)) , which implies
that gx(]xn)) is pair product invariant. Thus, by induction hypothesis, |xn) is

fully separable, and so is also | since |tay) = (1) ) ® |xN)-

(ii) f(|n)) # 0N and f(|xn)) = O with f(|1n)) € By. Same reasoning as
for case (i).

(iif) f(lon)) = flxn)) # OV with f(|¢n)), f(Ixn)) € By. In this case,
Yo # 0, 71 # 0 and |f(|ven) | = 2|f(|én))| = 2K . By theorem 5, since gox (|¢n))
has no zero amplitude and is pair product invariant, it is fully separable:

gaaean)) = (0 ) o) = (8] Yo (0 ) et

with g, 01 # 0 and |wk) € Hk fully separable and with no zero amplitude.
f(on)) = f(lxn)) means that the positions of the Os within |¢x) are the

same as the positions of the Os within |xx). It is always possible to find |¥n)

having all its Os at the same positions as those of both |¢n) and |xn) and such that

9k ([¥n)) = lwk) - Therefore yo [¢n) = do [¢n) and 71 [xn) = 61 [¢n), hence:

lan) = < g(l) mz; ) = < g(l) > ® |vn)

where |1n) , a kind of common divisor of |¢x) and |xn), is well-formed by con-
struction and is such that gx(|¢n)) = |wk) is pair product invariant by lemma 5,
since it is fully separable and with no zero amplitude. In conclusion, the induction
hypothesis applies to [#)n): |[¢n) is fully separable and so is also |¢on). 0O

3 p — q Separability

Given integers p and ¢ such that p + ¢ = n, |[¢n) is p — g separable iff it can
be factorized into a tensor product: |¢Yn) = |¥p) ® |[¢g), where |¢p) € Hp and
|Yg) € Hg , with P = 2P and @ = 27 (i.e. the two subsystems are composed of p
and ¢ qubits respectively).
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o Bo Yo
Let [Yn) = | arqtr |, [¥p) = Br and [¢q) = Yr
an—1 Bp-_1 Yo-1

In other words, |¢n) is p — ¢ separable iff Vk € [0, P — 1] and Vr € [0,Q — 1],
arQ+r = Bryr . This defines a structure for the N amplitudes in |¢n). There are
P groups of @ amplitudes each: argtr = Bryr is amplitude 7 (r € [0,Q — 1]) in
group k (k € [0, P — 1]). This means that, if 5 = 0, all amplitudes in group k are
equal to zero, and that the distributions of zeros within all groups obtained with
Bk # 0 are the same and are identical to the distribution of zeros within |¢)q).

Theorem 12. Let |¢n) € Hy, with N = PQ, be a state such that for some
io0 = koQ+ro € [0, N=1], ajy # 0 and Vi < g, o; = 0. Then: |)n) is p—q separable
<~— Vk e [ko +1,P— 1],V7" S [7"0 +1,Q — 1], Oko Q410 OkQ+r = QkQ4roVkoQ+r

Proof.

Case =>: |Yn) p — q separable means that Vk € [0,P — 1],Vr € [0,Q —
1], ax@+r = Byr. Then: Vk € [ko+1, P —1],Vr € [ro+ 1, Q — 1], QtkgQtro MhQ+r =
BroYro Bk Yr = BroVrBeYro = OkQ+ro ko Q+r-

Case < : given |¢)n) where agyg+r, is the first non zero amplitude, and
such that V& € [ko + 1, P —1],Vr € [ro + 1, Q — 1], Qg Q+ro OkQ+r = QkQ-+ro Vo Q+7+
the problem is to prove that there exist quantum states ¢ p) and |¢g) such that
[Yn) = |Yp) ® |¥g). The proof goes by finding |[¢)p) and |¢g) such that Vk €
[0,P —1],Vr € [0,Q — 1], akg+r = Br7Yr, where |tpn) is given, and where |1 p) and
|thq) are normalized quantum states.

Instances of such states |)p) and |¢g) can be obtained by choosing, Vk €
[0,P —1], Vr € [0,Q — 1] a 7y, such that:

1 e «
* _ ro@koQ+r _ CkQ+ro
FYTU,YTO - (ko+1)Q—1 P Yr = ) a’ndﬂk — .
i—i Qi Qi To
1+ i=ig+1
aioa;fo

This choice implies that [¢n) = |¢p) @ [¢g). Indeed, VEk € [k + 1, P —1]:

e Vrern+1,Q—1]:

— %kQ+rg IroXkQtr _ XkgQ+rXkQ+4rg
ﬂk%ﬂ RS Qg o Qi
o (e % .
= —edEo 22ty the hypothesis of case <=
0
= OgQ+r

e For r =rg, BrYry = QkQ+r, by definition of B; and ;.

o Vr € 0,79 —1], agyg+r = 0. Then v, = 0 by its definition, and axg4+r = 0 by
the hypothesis of case <=. Hence: [yv, = arg+r



For the other values of k£ : k = ko = Bk, = ar,Q+r by definition of 8y, and
vr, and, Vk € [0,ko — 1], argir = Bryr since argyr = 0 and By = 0 bnecause
AkQ+ro = 0.

Finally, since [¢n) = [1p) ® |¥q), [¥p) and |tpg) are normalized quantum states:

—-1-1 * * -1 *
Q) 12 =% s = PO VVE + YoV + T ey

= YroVio + ET:TUH vy because [, # 0
and Vr < 70, Qke@+r = 0= Vr <ro,7,. =0

kg Q+r Oy Q41
= Yol (1 +5et L oiw) —1

Qiga,

Lem? _ 4
[ 1oe) | = TQ)®
Hence [1)n) is p — ¢ separable. 0O

4 Conclusion

The results presented in this paper for full separability and p — ¢ separability of
pure states of n qubits are a broad generalization of a similar approach described
by Rajagopal and Rendell. In [7], they analyze the robustness or fragility of three
qubit entanglements, depending on their permutation symmetries, and characterize
their full and 1 — 2 separabilities by means of sets pair product equalities. But their
characterizations are not of minimal size and concern implicitly only very limited
situations, namely those where there are no zeros among the amplitudes of the state
of the system. With a slightly different approach, Wang [8] arrives at very similar
results for three qubits, with a specific and hard to generalize treatment of zero
amplitudes, and proposes conjectures for the general case of n qubits.

What has been proved in this paper are necessary and sufficient criteria for
the full and the p — ¢ separability of pure states of n qubits in general. Clearly, full
separability implies p — q separability, but the converse is not true, since p — ¢ sepa-
rability does not tell anything about the separability properties of the subsystems,
i.e. about the presence or absence of entanglement within each of the separated
subsystems. What is more important is that p — g separability relies on a proper
ordering among the qubits: if the n qubits are numbered from 0 to n — 1, |[¢¥p)
is indeed the state of the subsystem composed of the qubits numbered from 0 to
p—1, whereas |¢g) is the state of the subsystem composed of qubits p to n —1. As
a consequence a reordering among the qubits will in general be required for p — ¢
separability to appear provided that |t n), as modified after reordering the qubits,
is indeed p — ¢ separable. Searching for values of p and ¢ such that |¢n) is p — ¢
separable could of course be tried by brute iterative force, going through all the n!
permutations. There may be more subtle approaches, by relying upon invariance
properties of sets of pair product equalities when two qubits are swapped. Some
such properties, rather elegant, have been found, but it is not clear yet if and how
they can be exploited efficiently.

Both full separability and p — ¢ separability are invariant under unitary op-
erations local to any of the subsystems. In [1], entanglement and separability are
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studied by making explicit the consequences of such invariance properties: this is
done first in the case of systems composed of two N-dimensional subsystems, then
in the case of systems composed of three N-dimensional subsystems, after which a
generalization to M N-dimensional subsystems is briefly presented. The approach
taken here is different, but similar questions could be addressed. The results pre-
sented here for full separability rely essentially on the notion of pair product in-
variance. A similar notion can be extended to p — ¢ separability. It could be the
case -this remains a conjecture- that this rather basic invariance bears some useful
relations with entanglement measures.

A straightforward analysis of the computational complexity of the criterion
for p — ¢ separability based upon theorem 12 shows that, in the worst case (i.e.
when oy # 0), N — P — @Q + 1 comparisons of 2(N — P — @ + 1) products of two
amplitudes are required. For full separabilty (theorem 11), the analysis is a little
more complicated because, in addition to checking pair product invariance among
non-zero amplitudes, it is necessary to check that the state is well-formed with
respect to the distribution of its zero amplitudes: this results in a complexity of the
order of N products and 2N comparisons for full separability.

Finally, there are strong indications that, for some broad classes of pure quan-
tum states of n qubits, the characterization of p — ¢ separability could be a lot
simpler than the characterization given here. It seems also that, for these classes,
generalizations to p — ¢ — r — ... separability would be rather easy to obtain. An
example of such a class are the states defined by stabilizers and closed under a small
set of unitary operators.
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