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Abstract

In this paper, we study the e-lemniscate of the characteristic polynomial
in relation to the pseudospectrum of the associated matrix. It is natural
to investigate this question because these two sets can be seen as gener-
alizations of eigenvalues. The question of numerical determination of the
e-lemniscate raises the problem of computing the characteristic polyno-
mial p. We can express the coefficients of the characteristic polynomial
in the power basis: we use a formation of a Krylov sequence. In order to
investigate the practical determination of the characteristic polynomial,
we propose a detailed study of its backward error.

keywords : pseudospectrum, characteristic polynomial, rounding error,
backward error, e-lemniscate.

1 Introduction

FEigenvalues of a matrix A are theoretically defined as the roots of its
characteristic polynomial. Zeros of polynomials are well known examples
of problems whose answers may be highly sensitive to perturbation. In [5]
or [18], the authors treat this problem as a condition number question. In
[14], it was treated as a continuity question : Mosier defined the notion of
root neighborhoods of a polynomial p as the connected components of the
set of zeros of all polynomials obtained by coefficientwise perturbation of
p of size less than e.

Z(p,e)=4{2z€ €: Jq € P,, q(z) =0 with ||[p—q|| <&},

where ||.|| is metric on P, which measures the perturbation of the coef-
ficients of p. P, is the set of monic polynomials of degree less or equal
to m. In [16], this set is called e-pseudozero set of p. The relevance of
such a set to the conditioning of the zerofinding problem was discussed
in [14]. The e-pseudospectrum A (A) is another set defined as the set of
eigenvalues of matrices A = A + E with ||E|| < e. In [16], they compared
the e-pseudozero sets of polynomials p with the pseudospectra (Ac(A))
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of associated companion matrices. Their numerical experiments showed
that Z(p,||p|le) and Aj4)c(A) were generally quite close to one another
when A was first balanced. They also gave an algebraic characterization
of these e-pseudozero sets in terms of the level curves of a certain func-
tion involving the characteristic polynomial. They used the lemniscate
L(p,e) = {z € C,|p(z)] < €} to bound Z(p,e) in order to determine
it numerically. Toh and Trefethen used all these sets in order to show
that it ought to be possible to compute zeros of a polynomial stably via
eigenvalues of its balanced associated companion matrix.

Our aim is different. If p is the characteristic polynomial of A, the
set L(p,e) appears to be a generalization of the notion of eigenvalues.
Ajaje(A) is also a natural extension of eigenvalues problems (see [17]).
We think that it is theoretically interesting to compare these two gener-
alizations. In section 2, we state inclusions between these sets and we
confirm these theoretical results with numerical results.

Second, it is well known that the practical determination of the charac-
teristic polynomial is ill-conditionned. The oldest method for expanding
the characteristic polynomial of a matrix is the direct evaluation of princi-
pal minors. Then a method due to Leverrier (1840) has been rediscovered
and somewhat elaborated in the fourties and fifties. These methods are
based upon Newton identities relating the coefficients of an equation with
sums of powers of the roots. In [12] Householder and Bauer showed that
numerous methods rest mathematically upon the formation of a Krylov
sequence. In [12], Wilkinson recalls the Krylov method for computing the
coefficients of the characteristic polynomial of a matrix A. This method
is based on the following property : Let A be in €™*™ and u € IR"™ such
that
C = [u,..., A" '] is invertible, If & = (ao,...,an—1)" is the solution of
the linear system

Ca=—-A"u
i=n—1

then the characteristic polynomial is p(z) = Z aix’ +a".
0

We would like to gain insight into the factolrs responsible for the bad
accuracy of the computation. In order to do do that, we study the effects
of finite precision arithmetic on this numerical method. We obtain a
bound for the backward error. Then we derive a bound for the forward
error.

Finally, we use the previous results to investigate the idea that the lem-
niscates L(p,¢) defined by the computed characteristic polynomial could
be or not a tool to localize eigenvalues.

2 Generalization of eigenvalues involving
the characteristic polynomial

We begin this section by introducing some notations.



e ||.]|2 denotes the spectral norm: ||A|2 = p(A*A)%, p being the spec-
tral radius.
e ||| 7 denotes the Frobenius norm: ||A|lr = (3:=0 |a,'j|2)%.

e the metric d on P, is defined as follows: d(p,0) = ||p|| = (3:=¢ |ai|2)%4
e A denotes the spectrum.

o A(A)={A1,...; A} with Ay # Xa # ... # .

e P; denotes the spectral projection associated with ;.

e m,; denotes \;’s algebraic multiplicity and /; its index.

e For all non singular matrix A, its condition number in the spectral
norm is defined by ka2(A) = ||A7} 2|4

Mosier [14] studied the sensitivity of the roots to coeflicientwise perturba-
tion of the coefficients of the associated polynomial. To treat this question,
he defined the notion of e-neighborhood of a polynomial p in P,, as

N(p,e) = {q € Pn,d(p,q) < €}.

We restrict the set Py: in the following it denotes the set of monic poly-
nomials of degree n. He also defined the notion of root neighborhood of
p as the connected components of the following set

Z(p,e) ={z € € : z is a zero of ¢q for some ¢ € N(p,¢)}.

Toh et Trefethen [16] called it the e-pseudozero set. In order to study
matrices, the traditional tool was the study of eigenvalues. But when the
matrix is not hermitian nor normal, the eigenvalues do not give enough
information and the study of e-pseudospectra is useful (see [6], [10], [16] ,
[17] ). For any matrix A whose order is n, its pseudospectrum is defined
as

Ac(A)={z€ €, FE€ C"",|E||2 <&,z € A(A+ E)}.

In [16] Toh et Trefethen compared pseudospectra of compagnon matri-
ces with the e-pseudozeros set of their characteristic polynomial . They
showed that these two sets were generally quite close. It exists a set whose
numerical determination is easier than the computation of Z(p,¢) :

L(p,e) ={z€ C :|p(z)| < e}

In [16], the authors called it e-lemniscate of p.

As this former set is a generalization of the spectrum, it is important to
compare it with the pseudospectrum. In this section, we present theoret-
ical relationships between these sets and numerical examples to illustrate
them.

We observe that there are two levels in the perturbation analysis of
the eigenvalues: There are changes in the coefficients of the characteristic
polynomial which correspond to small changes in the matrix and there
are changes in the roots of the characteristic polynomial corresponding
to changes in its coefficients. Roughly speaking, the pseudospectrum is
a tool to measure the magnitude of these two levels. But it seems that
Z(p,€) and L(p, €) reflect only the second level. Therefore we first propose
an inclusion’s result from L(p,¢) into the pseudospectrum of A.



Lemma 2.1 Under the assumption

(H) A is an irreducible Hessenberg matriz,

if C denotes the matriz [e1, Aeq, ..., A" ei],

C is nonsingular and B = C7'AC is the companion matriz associated
with the characteristic polynomial of A.

PROOF : : see [1], [11].

Theorem 2.2 Under the assumption
(H) A is an irreducible Hessenberg matriz,
we have

L(p, 8) - Z(p7 8) C Akg(C)s(A)
where C = [e1, Aex, .. .7A”*161] and k2(C) = ||C||2||C*1H2_

PROOF : : In [16], it is proved that
(1) L(p,e) C Z(p,e) C A<(B)

with B the companion matrix associated with p. We have the result with
the lemma 2.1. |

The inclusion is far from being optimal. It can beobserved on the
numerical results.

Then we propose an inclusion result between A, (A) and a e-leminiscate
of p.We present two different relations based on different mathematical
technics. The first inclusion is based on a result about eigenvalues con-
ditioning and the second one uses a perturbation result of Eldelman and
Murakami [3].

Theorem 2.3 With

M =maz{m; i=1,...,k},

m=min{m; i=1,...,k},

r:min{% i=1,...,k} (r>1),

V(A) = maz{|\i — Ajli # 7},

Vj the Jordan basis associated with X\; , we have

A-(4) € L(p,e")
where €' = (Kmaz(y(A)",v(A)"M)) " + 0(") with

mg
s

K = maz{(lik2(Vj)IPjll2) ¥ 5 j=1,....k}

PRrROOF : If z € A-(A), then IE € €™*™ such that ||E|]2 < € and z is
in the spectrum of A + E. According to a result concerning eigenvalues

conditioning, set in [2], if € is small enough, it exists ¢ € {1,...,k} such
that

1 14+ L
|z = Ail < (Lik2(Vi)[[ Pill2g) ' +O(e " 1).

k
We have p(z) = H(z =A™ = (z =)™ H(z =A™

j=1 G



So that [p(2)| < [(Lik2(Vi)[[ Pill2e) T +O(™ T [ T] (12 = Xl + [A =A™
J#i
n

Hence [p(=)] < 7(A)"™ (Lik2(Vo)[|Pill2) T €0 + O™ 7). _

The second inclusion that we propose is based on a result of Edelman
and Murakami [3]. We recall it and we set a proof of it different from the
authors one.

Lemma 2.4 The companion matriz B associated with p(z Z apz® +

z™ is given by

0 —aop

1 c. :
B = S . e ¢

. 0 :
1 —Qan-1

If E = (eij) is a perturbation matriz and p the characteristic polyno-
mial associated with B + E,
we have

x) = Z dpa® + 2" with
(2) dk ~ g,

I Ell—0

3)

k n k+1 k+1

E Am E €j,j+m—k—1—" g amg €j,54+m—k— 1—5 €j,j+m—k—1-
IIEIH0 )

m=0 j=k+2 n=k+1 j=1

PROOF : : A = (aij)i,; denotes a matrix in C™*".
Its characteristic polynomial can be expressed as

= Z bez® + 2" with

k=0
be=(-1D)""*>" Y e ]] tiow
JEC) 0€S,_p(J) ieJ
with Ck:{(il,...,in_k), i1 <i2...<in_k}
Sn—k(J) the set of all permutations of J.
¢(o) the signature of the permutation o.
The classical imbeding from S, _j to S, implies

n—k
b = (=1)""" > e(0) [] aiow
oeJy i€y,
with Ji = {o € Sy, for which 3Ly = (41,...,%) : 0(i) =i Vi € Ly and 31}, =

(Tkt1y.-yin) o(lk) = I}
Applying this result to the matrix B 4+ E, we have



n—1
p(z) = Z dpz® + 2" with
k=0

di, = (—1)n_k Z E(U) H (bi,o'(i) + eiya(i)) with B = (bij)i,j and F =

oeJy i€l
(€ij)i-
Then
dy, i (1" * > e(0) I] biws
aeJj, i€l
with J, C J and I}, such that H bioeiy #0

iel;,
B is a companion matrix so that b; o(;) # 0 < 0(i) =i — 1 or (i) = n.
this is possible only if
I ={k+1,...,n} and o is such that
olk+1)=n
oliy=i—1 Vi=k+2,...,n
Then (o) = (—1)"7*~1,
As bin = —ai—1 and b; ;—1 = 1 we obtain
dy ~ (=1)"*(=1)""*"!(—ay) = a. The first property is proved.

We have
di — ak i (—1)"~* Z (o) Z €ig,0(i0) H bi,o(i)
ceJy ip€l) i€ I iig
Then by determining the sets I, Ji and the indices i such that H bioti)y #
i€l
i#io
0, we get the second property. |

This lemma allows us to state the following theorem.

Theorem 2.5 Under the assumption

(H) A is an irreducible Hessenberg matriz,
we have

Ae(A) C L(p,e”)

with &” = (\/n FIn*ka(C) Y ||p||k> €.
k=1

Proor : :

It is clear that Ac(A) C Ag,(c)e(B), B being defined in the former lemma
and k2(C) = [|C]l2|C7 1|2

Z € Apy(e)e(B) = z € A(B + E) with ||[E||2 < k2(C)e, and

n—1
according to a former lemma ¢(z) = 0 with ¢(z) — p(z) = Z dayz" with
k=0

n k+1

k
dar = Z Am z”: € itm—k — Z Am Z €ii+m—k at the first order.

m=0 i=k+2 m=k+1 i=1



Thus |dar| < (Z |@m| (Z |ei,j|>> at the first order.
" i/
< (o) VT (e
m )

=0
Ipllvn +1 02| B

< |lpllvn +1 n*2k2(C)e.
According to [11], as ¢(z) = 0 we have |z| < ||q|| so that at the first
order |z| < ||p]l-

Thus [p(2)] = |q(2) = p(z)] <> [da||pl*

IA

n—1
< PV FTn*2k2(C) Y lIpl™e
k=0
— VAFT 02k (C) (Z ||p||’“> 3
k=1

Remark : The factor k2(C') is not the essential factor in the inclusion’s
results. If A is an Hessenberg matrix with a;;,—1 = 1 Vi then it exists
a matrix T, such that ko(T) = 1 and A = TBT™!, where B is the
companion matrix see [4] p 105.

Let us illustrate the relations beetween the sets:

Example: (Grcar matriz of size 10). 1t was introduce by Grear [8] and
was often studied in connexion with pseudospectra. To draw the pseu-
dospectra, we use the pseudospectra GUI, created by Wright and Tre-
fethen [19].

0.6r

0.4r

0.2r

FIGURE 1 :
dashed-dotted curve is the pseudospectra with € = 5.5 x 1074
the solid curves shows L(p, 5.5 x 107*) and L(p, x107°)



3 rounding error analysis

The previous section suggests that L(p,e) could be a tool to study eigen-
values sensitivity. But we have to know how accurate the determination of
this set can be, otherwise it does not give any good informations. There-
fore, we are interested in the computational error of the coefficients of the
characteristic polynomial. We shall perform a rounding error analysis.

To carry out rounding error analysis of the Krylov method, we need
to make some assumptions about the accuracy of the basic arithmetic
operations : we work with the standard model of floating point arithmetic
9] :

(4) fllzopy) = (z opy)(1+6) [§] <u,

where u is the unit roundoff, op = +, —, *,/ and fl(z) or & denotes the
computed value of x.

In the Krylov method applied to an irreducible Hessenberg matrix A of
order n, the coefficients & = (ao, . .., an) of the characteristic polynomial
are computed by resolving the linear system

(5) Ca=b, C=le,...,A" 'e1], b=—A"¢s
Notations : a = ||Al|2 and vm = 1T?nu'

Theorem 3.1 Under the assumption (H), &, the computed solution of
Ca = b is the exact solution of the linear system

with

[SIE

IAC]F + | Abl <

(C + AC)& = b+ Ab,

(n—l)n%a 717@27%2—&—71 a" +n Ll U
1—a? 1—a?

+0(u)

PRrOOF : The rounding error of « is due to the computation of the matrix
C and the vector b and to the numerical resolution of the linear system.
fU(C) denotes the computed matrix C' and fI(b) the computed vector b.
According to Higham [9], we have

[ fl(ze) — zell2 < [(1+ Vryn)® — 1] o, with 2, = A%er.

n—1

Hence, as ||f1(C) - C||F = Z |l fl(zx) — x5 and fl(zo) = zo,

k=0

171C) = Clr < [+ v = 1] a2,

Then, with the big O notation, we get

6) lIfUC) = Clir <ay/ % [(n ~Dnfu+ 0(u2)] :

and

(7) 1£1(6) = bll2 < a" [nFu+ O@?)] .



& is the computed solution of the linear system fI(C)w = fi(b).
A is an irreducible Hessenberg matrix so that C' is upper triangular. So
the above linear system will be solved by substitution. According to [9] ,
& satisfies

®) (FU(C) + AT)a = fi(b)
(9) AT < 4l fU(C)].

We have then AC = C — fI(C) + AT so that
[AC|F < IC = FUC)IF + AT ||

and according to ( 6), ( 7) and (8),

E _ a2n—2
[AC|F < ((n —1)nZay /%) u+ O(u?) + n||C||ru+ O(u®)

1—a?"

As |IC|lF < T2

, we get the result. |

The quantity ||AC||F + ||Ab||2 measures the backward error of Krylov
method.

Now, with this error analysis result, we are able to derive aa a priori
bounds for the forward error of the Krylov method.

Theorem 3.2 Under the assumption (H),
If p is the characteristic polynomial of A and p the characteristic polyno-
mial computed with the Krylov method, We have

llp =l < IC7 2

5 3 1— 2n—2 1— 2n
<n + = nday/ T gy [T ||a||2>

u+ O(u?)

PROOF :
« is the solution of Ca = b so that

C(a— &) = —ACa + Ab.

Then
oo = &ll2 < IC7[2([AC 2 ]lé]l2 + [|Ab|2).

Applying the backward error bound and the property |.||2 < ||.||F, we
have the bound. |

The term n3a”, with a = |Al|2, suggests that if a is greater than 1,
the backward error can be disastrous. Thus it can be important to deal
with a matrix A whose norm is less than one. This can be achieved by
applying a balancing process such as [7], [13], [15].



In the following example, we compute the relative forward error in
relation to the norm ||Al|2 and draw its regression line. It confirms that
the error is an increasing function of || A2.

%+e2 € 0 0 0 0 0
%5 . i e 0 0o 0 0
—%52 +et % g € 0 0 0
A = éag + €5 —éEQ éa % € 0 0
_é54 _ &b 153 —§52 éa g € 0
%55 —e7 7%54 éz—:3 *é€2 éz—: z €
——ef 4 %65 7%54 153 *%62 és g -

tog(I1*p-pll )1
. loalip-pil)

70875 088 0.885 089 0.895 09
1AL,

FIGURE 2 : % function of ||Al|2

4 Conclusion

We can rewrite the results of the previous section as follows :

If p is the characteristic polynomial of A and p the characteristic poly-
nomial computed by the Krylov method applied to the balanced matrix,
then p € N(p,n), a neighborhood of p, with
n=1C" 2 (a(n—n? 5] + o(n?)) u+ O(u?)

In section 2, we set inclusions results between L(p,e) and Ac(A). So
that L(p,e) could be considered as a tool to localize eigenvalues. It can
be numerically computed at little cost. But it is well known that the
accuracy to compute the characteristic polynomial is limited. So that we
can not determine the set L(p,e) for small values of . At least, ¢ has
to be greater than the error 7. Finally that is a limitation that does not
exists for the pseudospectra.
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