
Abstract

We study the universal Traveling Salesman Problem in an n × n grid with the shortest path
metric. The goal is to define a (universal) total ordering over the set of grid’s vertices, in a way
that for any input (subset of vertices), the tour, which visits the points in this ordering, is a good
approximation of the optimal tour, i.e. has low competitive ratio. This problem was first studied by
Platzman and Bartholdi 1989. They proposed a heuristic, which was based on the Sierpinski space-
filling curve, in order to define a universal ordering of the unit square [0, 1]2 under the Euclidean
metric. Their heuristic visits the points of the unit square in the order of their appearance along
the space-filling curve. They provided a logarithmic upper bound which was shown to be tight
up to a constant by Bertsimas and Grigni 1989. Bertsimas and Grigni further showed logarithmic
lower bounds for other space-filling curves and they conjectured that any universal ordering has a
logarithmic lower bound for the n × n grid. In this work, we disprove this conjecture by showing

that there exists a universal ordering of the n× n grid with competitive ratio of O
(

logn
log logn

)
. The

heuristic we propose defines a universal ordering of the grid’s vertices based on a generalization
of the Lebesgue space-filling curve. In order to analyze the competitive ratio of our heuristic, we
employ techniques from the theory of geometric spanners in Euclidean spaces. We finally show
that our analysis is tight up to a constant.
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