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The necessity of the condition follows by integrating the differential equation over the

interval [0,1]: If there is a solution u, then

f(∞) <
∫ 1

0
f(u(x)) dx =

∫ 1

0
g(x) dx < f(−∞).

To see the sufficiency, consider the initial value problem

u′′ + f(u)− g(x) = 0, u(0) = a, u′(0) = 0.

It is easy to see that, as a → ∞,

u′(1) =
∫ 1

0
u′′(x) dx =

∫ 1

0
{g(x)− f(u(x))} dx →

∫ 1

0
g(x) dx− f(∞).

Similarly,

u′(1) →
∫ 1

0
g(x) dx− f(−∞)

as a → −∞. If (3) holds, then the intermediate value theorem implies the existence of a

value a for which u′(1) = 0.


